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Abstract— We study the problem of locating a stationary
target using two robots equipped with bearing sensors. The god
is to reduce the uncertainty in the target’s location to a vaue
below a given threshold in minimum time. Our cost formulation
explicitly models time spent in traveling as well as taking
measurements. Further, the robots are subjed to distance-based
communication constraints. We first study properties of an
optimal strategy which has accessto the target’'s true location.
It turns out that under certain circumstances, the optimal
algorithm will break communication to take measurements and
rendezvous to merge them.

Using these insights, we design an online strategy (which
does not have accessto the target’ s true location) and show that
the strategy can locate the target up to a desired uncertainty
level at near-optimal cost. The results are applicable to other
bearing sensors with non-zero measurement cost, such as pan-
tilt cameras. In addition to theoretical analysis, we validate the
algorithm in smulations and field experiments performed using
autonomous wrface vehicles.

I. INTRODUCTION

Systems of networked, mobhil e sensors are expeded to have
significant impad on environmental monitoring applications
by automating tedious and pdentially dangerous snsing
tasks. Once such area we have been studying is deploying
robas to asgst in locaing radio-tagged invasive fish [1]. Our
system consists of Autonamous Surface Vehicles (ASVS)
which have radio antennas to deted radio tags attached to
the fish (Figure 1). The system is intended to provide data
on longterm motions of invasive fish and seach large aeas
for stationary fish aggregations. The duration o such tasks
forces us to consider the trade-off between time spent to
locdize eab radio tag and system life; our adive-locdization
algorithm must choose measurement locations which provide
good information abou ead target, but do nd prodwce an
overly time-consuming trgjedory. The issue is more com-
plicaed when two robas must synchronize their estimate
of the target locdion, since we simultaneously optimize
their communication. Therefore, in this work we study the
general problem of adive locdization for two robas subjed
to distance-based communication constraints.

In this paper, we provide three main results. First, we
extend the eisting body ¢ work which analyzes the offline
case: planning measurements with resped to a known target
locdion. In this area we provide the optima two-roba
algorithm, which was previously unknavn. We present the
algorithm details in Sedion V.
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Fig. 1. The robaic systems used in field experiments. The 2-meter long
boats were designed to trad invasive fish autonamously. Each is equipped
with wirelesscommunicaions, diredional antenna used as beaing sensors, a
navigation suite, and computing herdware. Our agorithm was implemented
on this gystem which was shown to locdize targets with smadl uncertainty.

We then extend the offline-optimal algorithm to include
communicaion constraints, in Sedion 1V-A. While our strat-
egy guarantees that the robas will be within communicaion
radius when they exchange measurements, we show that the
optimal strategy may bresk communication to take mea
surements. Thus, enforcing communication in our setting is
potentially subogtimal and ou agorithm allows the robas
to break communicaion when necessary.

Finaly, we aldressthe more redistic case: when only a
prior estimate of the true target location is known. To solve
this online problem, an algorithm must plan measurements to
minimize the worst-case mst, even thoughthe prior estimate
may be uncertain or even misleading. We provide an orline
algorithm whose st is at most a logarithmic factor more
than the optimal algorithm with arbitrarily high probability.
Ours is the first algorithm to provide such a guarantee The
detail s of our solution are discussed in Sedion V.

As a fina contribution, we have implemented and tested
the dgorithm in field experiments on a mohile sensor net-
work (seeFigure 1). We present experiments demonstrating
the dgorithm and succesSully locating a radio transmitter to
within 10 meters of groundtruth with orly a few measure-
ments, and withou requiring significant travel time. These
field experiments are presented in Sedion VI-B.

II. PROBLEM FORMULATION

In this sdion we define our notation and opimizaion
problem. Let the true target locaion be z*. Two mobile
robas can take beaing measurements of the target location,
but eadh measurement takes a constant amourt of time, t,,
and is corrupted by zero-mean Gausdan ndse with variance



o2. We denate sensor locations as s, and s, for the two
robas, or simply s when the assgnment is irrelevant.

We define the full sequence of measurements as S, =
{sL,--- s"} for robat u. S = {S, + S,} is the joint set
of measurements, and |S| is the total number of measure-
ments taken between bah robas. Traveling between sensor
locations takes time propationa to the Euclidean distance
between them. Each measurement take time ¢,,,. Thus, total
time required to travel to ead sensor locaionin the spedfied
order, plus take ameasurement at ead locaion is given by,

[Sul
where, len(S,,) = Z HSQ _ 82—1”2
i=1

A target estimate & ead time step is asuumed to be a
two-dimensional Gaussan, with mean (t), and covariance
3(t). The uncertainty in the target's estimate is given by
its covariance matrix. The covariance matrix will depend on
the type of estimator used. However, from the Cramer Rao
Lower Bound[2], [3] we know, for any unliased estimator,
¥ = F~1(z*,S) where F is the Fisher Information Matrix
(FIM), with the target at z*, and measurement locations
given by S. Hence we will use the inverse of the FIM
to represent the uncertainty in the target's estimate for the
remainder of the paper. We optimize with resped to the
maximum eigenvalue of F~!. Other uncertainty measures
such as traceor determinant can be eaily boundd by the
maximum eigenvalue.

Our objedive is to find the measurement sequences for
the two robas to reduce the maximum eigenvalue of the
resulting covariance below a desired level. Note Fis the
inverse of the uncertainty, and the d@genvalues of a matrix
inverse aetheinverse of the matrix eigenvalues. With resped
to IF, our information constraint is:

/\min(F(x*; S)) Z )\d (2)

Here \; defines the requested predsion (information) in the
final estimate. For example, fish biologists often use esti-
mates which are acarate to 5 meter resolution (v Anax> =
5), so we set A\, to 1/25 in field experiments. For brevity, we
will simply refer to the left hand side & Ain (S) Whenever
x* does nat change.

We model the case when the robas may not communicae
unlessthey are within some known radius r... If the robas do
not mee to communicate the results of their measurements,
they canna form a joint estimate of the target’s pasition. So
we enforce that the target estimate uncertainty is a function
of the measurements gathered up to the last time the robds
met. Our problem can nowv be cmncisely stated as

s 1_3{137);} len(S;) +tm - |5il (3)
st.

Amin(S) > g 4

3t2‘5|:|52—82|§rc (5)

Note Eq. (5) simply states the robas must med to exchange
measurements at some point after the sequenceis completed.
For example, in the offline case (as in Sedion V), the true
target locdion, x*, isknown, then Eq (4) depends only onthe
relative locations of the sensors with resped to x*. Then the
robas do nd need to med more than ornce since exchanging
measurements will not affed =*. However, in the online case
(asin Sedion V), 2* isunknowvn. Therefore, the robas must
either take enoughmeasurements to ensure that for any x*,
Eq. (4) is stisfied, or periodicdly med, update their estimate
of z*, and adjust the measurement sequence to make use of
the shared information.
We can nav examine the literature for related problems.

IIl. RELATED WORK

Recently, there has been significant interest in designing
estimators to achieve the Cramer Rao Lower Bound(CRLB).
Our focus in this paper is on the complementary asped of
choasing measurement locdions, and ou agorithm works
with any estimator which approaches the CRLB in the limit.

Most adive tracking algorithms can be dassfied aslocdly
optimal, such as gradient ascent (e.g., work by Grochalsky
et a. [4], [5]) or tradk enumeration (e.g., Frew et a. [6],
[7]). Zhou et a. [8] considered constraints on the target
motion to find a gradient ascent to minimize the traceof the
target’s covariance matrix. Similarly, the work in [7] searches
over next-adion spacefor a feasible sensor trgedory. These
works canna boundthe st of the resulting trajedories.

A nowel asped of our formulation is that we optimize the
trajecory of the robas with respea to a weighted sum of the
measurement court and the distance traveled. We consider
measurement time for a variety of reasons. In our previous
work, we have used sensors which sample radio signal
strength over one to two minutes to discern the beaing to
the target [9]-{11]. In some works, locd maneuvers are used
to increese the acwragy of the sensor without significantly
changing the target-roba state. For example, [12] et 4.
use locd maneuvers to construct beaing measurements to
targets. Similarly, [13] et al. use an S-shaped maneuver to
resolve the diredion to a target when using a hydrophore
array. These maneuvers do nd significantly change the roba-
target configuration, but cost time and energy. Traditional
adive locdization literature often ignares this cost.

The study o optimal, offline, adive-locdizaion ago
rithms using the Fisher Information Matrix dates to Hammel
et a., [14], and has e more recent results by Logahetis
et a. [15], Bishopet a. [16], [17] and Martinez & a. [1§].
Of these, only [14] considered time-constrained trajecories.
However, the results were for a single roba with a contin-
uows ensor and so are nat diredly applicable to the setup
considered in the present work.

We study the problem of including communication con-
straints. What separates this paper from other reseach is we
consider if, and when, it is optimal to communicae. The
problem of estimating the target state despite loss of con
nedivity has receantly gained attention. Holli nger et a. [19]
considered the problem of re-establishing an estimation task



after losing conredivity. In the same vein, Makarenko et
al. [20] studied estimation when conredivity was either
enforced, or intermittent. This was dmilar to Leung et a.
[21], who showed how to maintain a mnsistent estimate of
a multi-roba system while relying on future reconredion.
Spletzer et a. [22] studied the problem of asdgning robas
to targets while dso enforcing retwork conredivity. In
these works the optimality of maintaining conredivity was
asamed, but we instead address establishing it diredly.

IV. THE OPTIMAL OFF-LINE ALGORITHM

We will first consider the offline case. Let the true target be
z*. In the offline problem, z* is known, and fixed. The godl
is to design a minimum-cost measurement strategy S which
satisfies the information requirements in Eq. (4). We will
first study the cae with unbounéd communication range,
then show how the solution changes as the communication
range r. — 0 in Sedion IV-A. We will show, through
a progressve series of prodfs, the optimal sequence has
a smple structure: It consists of only one measurement
location per roba. We will also show how to find the optimal
number of measurements to take & ead locaion. First, we
define the spedfic coordinate frame and ndation we will be
using in ou proafs.

Fig. 2. Thetarget-local coordinate frame By expressng the measurement
locéions (bladk dots) with resped to the framerotated by 0, we can operate
on a diagoral matrix (the covariance dli pse’s eigenvedors are digned with
the frame in which we express €nsor locaions).

Definition 1 (Target-Local (TL) frame): Define a ®ordi-
nate frame, centered a x*. The rotation o the frame is
spedfied by the orientation o the mvariance of the target
estimate & the aurrent time step, F~1(S). We dign the z
axis with the dgenvedor correspondng to the maximum
eigenvalue of F~1(.9). Additionaly, all sensor locaions are
spedfied in pdar coordinates, as s, = (a;,7;), where a is
the angle formed from the z axis.

We illustrate the TL coordinate frame in Figure 2. In
pradice we ca) oktain a TL coordinate frame by applying a
de-correlating transform, given by either the Singuar Value
Deoomposition o the Eigendecomposition o F [23]. It is
known to have the form [24]:

Fr,(S) =

Zf\il sinz (cvi) 0

2
05

2 (s
0 Zf\il cos.2 (a;)

2
T;0%

R(0) R(O)" (8)

where R(6) can be interpreted as the rotation matrix to
the TL frame from the world frame. The matrix F(S) has

properties which are eaier to illustrate in the TL frame &
foll ows.

Lemmea 1 (Properties of Fr.): Let S be a measurement
sequence with resped to x*. Let ead element of S be
expresed in pdar coordinates, (a;, ;) W.rt., z*. The Fisher
Information Matrix of the sequence, F(S), when viewed in
the Target Locd frame, satisfies al of the following,

1) The smallest eigenvalue is Ay, = 37 22520

rZo2

2) The largest eigenvalue is Apax = > wjj%
3) Let S, C S be the measurement locaions with
sin(2a) > 0, and S, C S be the measurement

locations with sin(2«) < 0. Then

[5u] sin(2¢; 50| sin(2ay;
> - E? ):Z 5"3 ) )
Proof: To eroile land 2 note tlhe a@genvalues of the
diagoral matrix in Eq. (6) are simply the diagorel elements.
The third constraint enforces that the measurement loca
tions are in separate quadrants. To see the third property.
Note the off-diagoral elements of the FIM(.S) are given by
SOl =290 \When the FIM is diagorelized this sim
must equal 0. Thus either all sin(2a;) = 0, or some a;
are greder than zero, and some ae less By separating
the summation into two sums as described, we have the
constraint as required. |
Having defined the mordinate frame we will be using,
we can procea to charaderize the optimal measurement
sequence. Recdl from Sedion Il we ae trying to minimize
the maximum time taken by either of the two robas, subjed
to Ay > Awin. Consider the optimal two-roba measurement
sequence, which we cdl S*. Let the dgenvalues of F(S*)
be Ar;, and A% ... Since S* is a valid solution we know
both are no lessthan )\,, the desired information. We dso
know that S* minimizes the maximum time spent by the two
robds. It is also clea both robas gend the same anourt
of time on their sequences, or the maximum cost could be
reduced by re-distributing the work between the robats.
What is not clea is the placement and assgnment of
measurement locdions. Let S, and S, be the optimal robat
assgnments wch that S* = {S, + S,}. Let the optimal
number of measurements be |S,| = N, and |S,| = N,. To
ill ustrate the problem more dealy, we will chocse to place
the measurements at only two locaions. We will shortly see
why this is a good choice By Lemma 1, we have three
constraints on the sensor locetions. By spedfying orly two
measurement locations, we reduce dl of the constraints as
foll ows,

.2 2
N Lsin®(ay,) L sin(ay)
)‘min = Nu 7“20'2 v T20'2 (8)
N L cos?(a,) L cos?(ay)
)‘max = Nu r2g2 v 22 (9)
sin(2a,,) sin(2a,)
Ny T2 T N T (10)

We can show useful properties of these constraints. First,
by solving for r, (respedively r,) in Eqg. 8, we have an
equation o the form » = +C - sin(«), which simply defines



&y V

-

N
\\
\U

\ \\5& """ - \\ X,\ , / g "
(b)

©

Fig. 3. Anillustration o the constraints on the measurement sequences. (a) by Eq. 8, (b) by Eq. 9, and (c), the intersedion. Note the radius in (b) is never
greder than the radius in (a). Assuming the other measurements are placed, the last measurement U, must fall in the regions gedfied, whil e traveling the
least. The dotted line adjoining U and the starting location ill ustrates the shortest path.

a pair of circles along the y-axis as shown in Figure 3(a).
Similarly, Eg. 9 defines a pair of circles along the x-axis
(SeeFigure 3(b)). To satisfy Eq (10), we spedfy oppdsitely
signed « for the two measurement locaions (i.e.,, one is
abowe the x-axis, and ore is below). What this means is the
following: For any measurement sequence S,, and S, for the
first and secondroba respedively, assuming S, and S, take
al measurements from one locaion, the locaions must lie
in the intersedion o the drcles gedfied by Egs. (8) and
(9). We ill ustrate this in Figure 3(c).

Moreover, natice the conwvexity of the constraint induced
by Eq. (8) (fig. 3()) implies |a,,| < 45°. Otherwise, the st
to move to the measurement location is grictly increased.
This implies satisfying the first constraint optimally will
setisfy the second for freesince cos(a) > | sin(«)| for both
sensor locations. Now, we will show the optimal agorithm
also asdgns only two measurement locations, passbly with
more than ore measurement taken at ead location.

Lemma 2. Let S* be the optimal measurement sequence
Let .S, be the measurement sequence for the first roba, and
S, be the seond Then bah S, and S, contain only one
measurement locaion.

Proof: Asame, to the contrary, that one or bath of S,
or S, contain more than one measurement locaion. Assume
withou lossof generality that we ae deding with S,, which
takes all measurements with «, > 0. The same aguments
can be gplied to S, and «, < 0. We will show this leads
to a mntradiction o the optimality of S*.

Refer again to the constraints imposed by Fr, particularly
Eqg. (8). We have agued the optima agorithm will not
assgn any « > 45°. Optimizing the travel time for a single
measurement location resulted in traveling dredly to the
closest paint on the perimeter of the drcle shown.

Now consider the problem of moving any measurement
location away from the point S,,. Pladng the measurement
inside the arclewill have aratio % greater than any pant
onthe perimeter or outside. Since Eq. (8) isthe scded sum of
these ratios, this implies an increase in ore ratio produces an
increasein A% ;. The converseisalso true, reducing oreratio
(moving a measurement outside the drcle), lowers A% ; .

Therein lies the contradiction: by moving the location to
the interior of the drcle we caise Eq 8 to increase while

traveling more. Thus, we ae doing more work than necessary

by traveling too much. Similarly, by moving the locaion
aong the perimeter, we add work unrecessarily. Finaly, if
we place ay measurement outside the drcle, we do nd
satisfy the constraints. [ ]

The previous result shows we can aways construct a
strategy with only two measurement locations. one per
roba. From these locaions, however, the robas may take
as many measurements as is required. Next we will show
we can always chocse two measurement locations which are
symmetric abou the z-axis. For example, in Figure 3(a), U
and U’ are considered symmetric measurement locations.

Theorem 1 (One Step): There exists an optimal measure-
ment sequence S* which achieves Ay < A%, < A%, and
consists of two measurement locaions S, and S, one for
ead robd. S, and S, are taken from the same range to the
target, and heve a, = —a,,. At S, and S,,, the same number

of measurements are taken by ead roba.

Proof: We will prove by construction. Let S” be any
other optimal measurement sequence. We know by Lemma 2
S’ has only two measurement locaions, S, and S,,, with N,
and N, measurements taken respedively at these locations.
We know the oost to travel to S,, and take NV,, measurements
is the same & the st to travel to S, and take N,, measure-
ments. Finaly, we know |a,,| < 45° and |ay,| < 45°.

Consider Eg. (8) in the context of these two locdions, S,
and S,,. Seled the greaer of the two terms on the right hand
side; let this be the term correspondng to S,,, for example.
Then form the sequence S/, by setting «,, to —av,, and r, to
... We have increased the information about A% . . We have
not lost much from Ap,.x, Since a < 45° implies cos(a) >
sin(«). Findly, we still satisfy Eq. (10) since a, = —av,.
Moreover, we have not increased the total time cost since
both tours took the same time to exeaite. Thus we have
constructed an optimal symmetric sequencefrom an arbitrary
optimal sequence and shown their equivalence [ ]

We show an example of the optimal sequencein Figure 4.
Theorem 1 shows a symmetric strategy can solve the original
problem optimally, but we have not shown how to construct
the symmetric strategy diredly. To compute the optimal
strategy, we will optimizethe st of a sequence a afunction
of the N measurements taken. Since we know Eg. (8) holds
with equality and N,, = N,,, we know the optimal algorithm
must travel exactly to the drcles given by radius, as a



function o N,

1 N
(V) = 51/502 (1)
given N > 2 is N, + N,. Note eat roba only takes 1/2
the measurements, but is resporsible for 1/2 the summation
in Eg. 8. Thus, the fador two cancds on the right-hand side.
Let the robas dart at a distance d, from z*, the cost of
both of the sequence S = {S,, S, } is then (seeFigure 4).

C(8) =\ &+ (N) = ra(N) + 5t

We can nowv define asimple measurement strategy, which
we refer to as the ONE- STEP algorithm. First, we minimize
equation (12) with resped to NV to find the optimal number of
measurements as afunction o the sensor noise, measurement
cost, and desired urcertainty. We then substitute this value
into Eqg. 11 to find the optimal circle. Sending ore robd to
the dosest point onthe drcle abovethe x-axis, and ore to the
circle below, then taking % measurements ead will solve
the objedive in minimal time. The dgorithm for computing
the offline-optimal sequence, which we cdl ONE- STEP, is
presented in Algorithm 1.

(12

Algorithm 1 {S,, S, } «+ONE- STEP(s¢, 2*, Ag, tm)
N, «+ argminy Eq. (12)
rx « Evaluate Eq (11) with (N,)
o, Ty — closest paint on the drcle defined by r}
S, + ¥ measurements at (a,,r,)
Sy +— é measurements at (—av, 74)

A. With Comnunication Constraints

We have nat yet considered the dfed of communicaion
on the optimal strategy. We can introduce @ommunicaion
congtraints as follows. One possble strategy is smply to
exeaite Algorithm 1, then move toward the centroid of
the robd’s positions until within communication range. We
ill ustrate this drategy in Figure 4, as the blad line. However,
it may be more time-efficient to ssimply move to s, which
places the robds in communicaion range during measure-
ments (asill ustrated by the dotted line). We eaily expressthe
cost as afunction d the measurement locaion, then optimize
as before. Expand Eq. (12) to include arendezvous cost. As
afunction o the N measurements needed, the cost becomes,

N
\/df + 72 —2d, 1y cos(ay,) + Etm

1
§TC,0)
The st clealy has a singe minimum for any given
N since a € [0,%]. The minimum corresponds to the
optimal measurement location when constrained by commu-
nications. We formali ze these aguments with the foll owing

(13

+ min(r, sin(ay,) —

Algorithm 2 {S,, S,} «TWO STEP(sg, 2*, 7, Ad, tm)
Ny, 1o, e <= agminy , . Eq. 13,

S + & measurements a (av,7,)

Sy {SuU(recos oy, 5)}

Sy
H

v < & measurements at (—av, 7,)

Sy {Su U(r« cos a, —5)}
< __________ PR e
Fig. 4. An illustration o two different choices for communication

constrained measurement locétions. s, and s, represent the output of
ONE- STEP. From these locations, the robas can move diredly toward
ead other to communicae. Alternatively, they can move to s;, and s, and
reman in communicaion duing measurement. The TWO- STEP algorithm
finds the optima placement of measurements to minimize the cost while
including the rendezvous cost.

algorithm. The dgorithm is dmply a generalization o the
ONE- STEP algorithm: as r. — oo the output is the same.

Theorem 2: The dgorithm TWO- STEP is the optimal
symmetric strategy for the offline problem with limited
communication range.

Proof: The proof proceals smilarly to the proof of

Theorem 1, but with the st of the sequence dhanged. =

These strategies (perhaps courter-intuitively) take dl of
their measurements from a single location (per roba). What
we have shown is the following. First, there is an optimal
measurement location for a given target locaion. Second
if the target locdion is not expeded to change, then the
robas need simply move to the optimal location and take
measurements urtil the information oljedive is stisfied. We
nov move on to the online case, when ead measurement
is likely to change the estimate of the target locdion, and
so the robas must be caeful not to spend too much time
moving towards a distant target estimate if it is highly likely
to change given a few measurements.

V. ONLINE ALGORITHM

In this dion we present an online variant of the previous
strategies. In the online setting, which much more dosely
models red-world scenarios, we do nd have accasto the
true target locaion x*. Instead, we ae given an estimate in
the form of a prior probability density function (PDF).

One possble extensionto the offline dgorithmisto chocse
the most likely paint in the PDF to be x*, then exeaute the
TWO STEP agorithm with resped to this paint. Since we
ded with Gaussan target estimates, the most likely point is
the mean, . However, the true target locaion may be dose
to the robas’ initial locaion, while & may be relatively far
away. Then TWO- STEP(&) will do significantly more work
than TWO- STEP(z*). Given the symmetry of a Gausdan
PDF, approximately half of the time z* is closer than z.



Instead, we will choose the closest point of the aurrent
PDF with “high enough probability. For example, if we
wanted to ensure we acourted for 99 percent of al the
probability mass we could find the contour of the 3—sigma
bound of the two-dimensional Gausdan estimate & ead
time-step, and use the dosest point on this contour.

We will proced as follows. At ead step, form a drcle
which completely contains the 3—sigma dlipse. Then, we
find the dosest point on the drcle, which we label z,. We
can exeaute the TWO- STEP agorithm on x,, paying cost
C(z,). Then, when we have gathered measurements from
nea z,, we updae the hypahesis and seled a new z,
from the posterior PDF. We can now present a formalized
algorithm built on this intuition, shown in Algorithm 3.

To boundthe mst of Algorithm 3, we will argue two
things. First, we will show the time required by ead
exeaution o the TWO- STEP subroutine is no greder than
the time required by the optimal algorithm to locdize the
target. Then, we will show that a limited nunber of cdls
to TWO- STEP are required to locdize the target. This will
produce the boundwe present in Theorem 3.

Lemma 3. Let C; be a darcle aoundz at time 7, such that
P(z* € C;) — 1. Let z, be the dosest paint on the aurrent
circle to the robas' starting locaion. Let C; be the cost of
the 4™ cdl to TWO- STEP(x,) and the optimal cost C* be
C(TWO STEP(z*)). Then al costs, C; arelessthan C* with
probability close to 1.

Proof:  The difference in costs TWO- STEP(z,) and
TWO- STEP(z*) is determined by the distance between the
starting locaion and the target point (x, or z*).

Let s be the starting locaion o the robds. Let s; be the
starting location for the i" cal to TWO- STEP(z, ). We will
show ||s; —2*|| < ||so —*]|| for al 7. The proof isill ustrated
in Figure 5.

At the first step, we travel distance ||so — z,]|. Since z, is
on the first circle it is closer to the starting locaion than z*
by definition. Now consider any other placement of the next
circle. By assumption, their intersedion must contain x*.
Sincetheir intersedion is convex, and the drcles themselves
are conwex, ead time we move to the boundary of a drcle,
we deaease the distance to their mutual intersedion. Thus,
at ead step |[s; — a*|| < [|so — «*]||. Since the distance
to the target paint is lessthan the starting dstance, and the
radius of the drcles deaease & ead step, the statement of
the lemma foll ows. ]

We have shown we do nd pay more than the optimal
algorithm at any step. However, it may take many cdls to
TWO- STEP to reduce the uncertainty adequately, producing
an arbitrarily high cost compared to the optimal agorithm.
However, we can show this is not the case as foll ows.

Lemma 4 The MJLTI-STEP agorithm  requires
O(log A\g — log Amin(F(0))) cdls to TWD- STEP.

Proof:  We will show a lower bound onthe amourt
of information gathered at ead step of the MULTI - STEP
algorithm. First note by the properties of FIM we have F(i +
1) =F(i) + F(sy, s,) for measurements taken at the sensor
locaions s, Sy .

Fig. 5. Anillustration o the two-roba MULTI - STEP algorithm (solid
paths) and the optima TWO- STEP agorithm (dashed paths). The robas
begin at location sg. The optimd choice is to move diredly to «*, but we
are unsure of the locaion o z*. Thus, we form a drcle C such that the
probability =* isin C is high. At ead step of the MULTI - STEP agorithm,
we do less work than the optimad TWO- STEP by Lemma 3. Since the
number of TWO- STEP exeautions is boundd by Lemma4, we do nd do
significantly more work than optima by Theorem 3

Algorithm 3 MULTI - STEP(sg, Z(0), 2(0), re, Ad, tm)
(1) + X(0)
z(i) «+ z(0)
while )\min(E(i)*l) < Ay do
C; < circle of radius 3 - \/Anax(Z(7)) at point Z(4)
x4 < closest point on C;
s; < centroid of roba locaions
TWO STEP(s;, 4, Tcs Ady tin)
Z < Colled measurements
Z(1), (1) < Update target estimate using Z
end while

Recdl Eq. 8. Let 5 be the ange s, — * — s, and r, be
the distance to the true target. C; is the drcle of diameter
|C;| which encompasses the desired probability mass of the
PDF of the target estimate. Then |C;| o< \/Amax(F(i)~1) =

W Note the maximum range to the true target is
at most the diameter of the drcle, and there is no padnt in
the drcle which is paralel with the two robats during their
measurements. Thus, sin 8 > 0 and r < |C;|. By substituting
these values into Eqg. (8), we have

sin? 3
Amin(F(t + 1)) > )‘min(F(t)) + TAnlin(F(t))
\sin2 15}
> Amin(F(1)) (1 s )

S

(14

which implies at lesst a mnstant fador increase in in-

formation (and correspondng deaesse in urcertainty) at

every time step. If MULTI - STEP makes N > 1 cdlsj’sfo

TWO STEP, then AminF(N) = Amin(F(0)) (1 + g—ﬁ) .

Solving implies N < log, (Amin (F(0)) — log, Amin (F(N)))

cdls to the TWO STEP subroutine, with 6 > 1
1488,

Our final result follows: An upper bound onthe worst-case
ratio of work dore by ou MULTI - STEP agorithm versus
the optimal agorithm.

Theorem 3 (Cost Bounds): The ratio of the cost of the
MULTI - STEP algorithm to the optima offline dgorithm

i MULTI - STEP(&
satisfies WP((;LS?)) = O(log )\d — log Amln(F(())))

2
]
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Fig. 6. The aygregate results of numericd studies. Left: the number of

cdlsto TWO- STEP as a function of %. Right: the ratio of costs of

online dgorithm to optimd offline dgorithm, as a function o

Ag
- . T : Amin (F(0)) "
Shown is the maximum value encountered during simulations.

Proaf: By Lemma 4 we make O(loghg —
log Amin(F(0))) cdls to TWO- STEP, and by Lemma 3 we
know ead of these wosts is lessthan the optimal cost, the
result follows. ]

In this sdion we have shown an adaptive, online d-
gorithm to locdize atarget given ony a prior estimate of
its locaion. Theorem 3 shows the MULTI - STEP agorithm
reguires a logarithmic fador more cdls to TWD- STEP than
the optimal agorithm. In the next sedion we eplore the
results of Theorem 3 in simulations.

VI. IMPLEMENTATIONS AND EXPERIMENTS

Here we explore the results of Theorem 3 throughsimula-
tions and experiments. Our goal is to verify the logarithmic
behavior of the bound pesented in the previous =dion.

A. Smulations

We explore the dfeds of the ratio of prior information
to desired predsion through simulations. The results are
presented in Figure 6. The z-axis of the figures hows the
ratio m (desired gain in information). The ratio of
prior uncertainty to final uncertainty is the inverse of this.

We fix a prior target estimate and starting roba locaion
alongthe elge of the estimate. The desired predsion, \; was
held fixed. The starting predsion, A, (F(0)), ranged from
Aq 10.0015 - A\y4. Then, for ead value of A, (F(0)), we re-
peaedly test the performance ratio by sampling a true target
location from the prior PDF and exeauting TWO- STEP using
thetrue target locaion, and MULTI - STEP onthe hypahesis.
To give ared-world sense of scde to the simulations, note
our choice represents a starting hypdahesis which grows to
encompass a 254 square kilometer areg while requiring a
final estimate which is as acarrate & a commercial GPS fix
(i.e., afew meter uncertainty).

First, we present the adua number of cdls the
MULTI - STEP agorithm makes to the TWO- STEP subrou-
tine. We natice alogarithmic trend to the ratios, as expeded.
These results are shown in Figure 6(a). The number of cdls
is not necessarily refledive of the ratio of the costs between
our online dgorithm and the optimal offline dgorithm, since
the total distance traveled for ead cdl will deaeese.

To explore this, we present the ratio of the actua cost
in Figure 6(b). The adua cost is given by the maximum
distance travel-led plus the maximum time spent measuring.
Becaise we eped the st ratio to significantly change,
depending onthe relative paositions of the true target locétion,
hypathesis locdion and urcertainty, and the starting roba
pasitions, in Figure 6(b) we present the worst-case ratio
of costs, for ead prior hypahesis. Interestingly, the worst-
case ratio of costs was lessthan 7 in these trials, much less
than the number of cdls to the TWO- STEP subroutine. This
suggests in pradicethe aost of our online dgorithm is closer
to the optimal offline dgorithm than is suggested by the
theoreticd results.

B. Field Experiments

As mentioned, we ae building a working implementation
to seach for invasive fish. To test the suitability of the
algorithm to red-world condtions, we have implemented
the dgorithm for field trials on lakes in Minnesota, USA. We
report afield experiment which confirms the feasibility of the
algorithm in pradice The robas used were OceanScience
QBoats, pictured in Figure 1. The boats are designed for
autonamous tradking o radio-tagged fish. They are 2 meters
in length, have an average speed of 1 meter per second
and take goproximately 1 minute to measure abeaing to a
transmitting tag.

The experiment was run in Lake Staring, MN, USA
(shown in Figure 7). A transmitting tag was deployed at
a known locdion in the ewironment, and the robas ex-
eauted the MULTI - STEP algorithm. The boats began 140
meters from the target, and exeauted the dgorithm given
in Sedion V. To exchange measurements, the robas met
and transmitted over an ad-hoc wireless network. The final
result is shown in Figure 7(c), as a blue square. We show the
algorithm steps in Figure 7(b), and the adual roba paths in
Figure 7(c). After each measurement, the boats transmitted
measurement values over the wireless network. We used a
low power network which could na communicae more than
10-20 meters reliably. Over the experiment shown, the robats
traveled a combined distance of one kilometer and locdized
the target to within 10 meters of its reported location. Note
the position d the tag's locaion was acarate to within 3
meters due to GPSerror. The locdizaion took ory 2 steps
to locate the target. We provide avideo of the locdization
processat [25], and aso accompanying this submisgon.

VII. CONCLUSIONS

We have presented three main results. First, we showed
the first derivation o the optimal deployment of two mobile
beaing sensors with resped to a known target location.
The result was extended to provide the optimal symmetric
deployment when subjeded to limited communications. The
insights provided by these results were used to develop an
online strategy suitable for field deployments. We showed
a theoreticd upper bound d a logarithmic gpproximation
of the optimal strategy. To further reinforce the results, we
provided simulations qudies verifying the bounds presented.



(a) The experiment area

Fig. 7.

(b) The exeaution steps of the dgorithm.

|
(c) The roba paths overlaid.

Experiment results from Lake Staring, MN, USA. (a): The experiment area The true target (and camera in [25]) were placal on the docks

nea the bottom right corner. The robas began nea the top-midde. (b): The two cdls to TWO- STEP prodwced the dark paths shown, and reduced the
uncertainty (the blue drcles). The fina adua uncertainty was the solid elli pse. (c): More exeaution details. The solid red circles are the points where the

robas exchanged information.

Finally, we showed a working field deployment over a large
operating environment. In this example, two robas were ale
to locae aradio transmitter within 10m.

Our future work will focus on tightening the logarithmic
approximation o our propcsed orline dgorithm. We exped
that a constant fador approximation is posshle. Ancther
avenue for future work is reducing the number of com-
munication steps. Design and analysis of adive locdizaion
algorithms for multiple robas in also an important avenue
for future work.
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