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Abstract— We study a novel sensing model which occurs in
wildlife monitoring applications. The sensor can be approxi-
mated as a bearing-to-target sensor, but with several critical
attributes that set it apart from those addressed in bearing-
only tracking literature. We propose a measurement strategy
that can guarantee reduction in uncertainty in competitive
time, regardless of the problem instance. We provide theoretical
analysis in the form of a competitive proof, numerical studies,
and results from field trials which confirm the applicability of
the algorithm.

I. INTRODUCTION

In active localization, the goal is to plan measurement
locations for a mobile robot so as to accurately localize a
target. In most applications, the true location of the taige
unknown. Instead, the robot must estimate the target’s loca
tion from its measurements. The primary source of difficulty
in active localization problems is their online nature: Wit
each measurement, the robot obtains more information about
the target's location which should be incorporated into thEi9- 1. The mobile robot, loop antenna, and sensing equipriiaetpicture

. . . was taken during field trials on Lake Casey, MN.
choice of next measurement location. The online nature o
the decision making process makes it difficult to provide

theoretical guarantees about the performance of an active ) . L
localization algorithm. interval (rotation angle). During this time the robot must

The motivating application for our study is localizing remain stationary. In addition to the measurement time, the

radio-tagged invasive fish in lakes. These fish tend to aggrBl€asurement uncertainty in our application is signifigantl
gate and remain stationary in large groups during the wintéygher than traditional sensors (A typical sampling inérv
months (when the lakes are frozen). If these aggregatiams 5 fiftéen degrees.) Finally, due to the symmetric nature of

be found, they can be effectively removed. Since manuf{i® antenna, we can not distinguish between target bearings
monitoring of tagged fish is difficult in harsh conditions,® @nd + . This ambiguity becomes especially significant

we are developing a robotic system to continuously monitdF the presence of large uncertainties (See Figure 2).

tagged fish. Our ultimate goal is to monitor hundreds of fish In this paper, we study the active localization problem for
in a lake to detect aggregations. this novel type of sensing platform. Specifically, we stualy t

Our p|atf0rm’ shown in Figure 1,is Composed of a mob”é)rOblem of SChedU”ng measurement locations to minimize
robot and a directional antenna mounted on a pan-tilt unifle time spent, and present an active localization strategy
By rotating the antenna and finding the direction with th&vhich provides high quality measurements in a short amount
strongest signal strength, one can compute a line that pas8é time. To provide bounds on these quantities, we compare
through the robot and the fish. (The exact bearing is unknowf an optimal algorithm which has access to the true target
due to the symmetric nature of the antenna.) For this reasdfcation. We show that we can achieve an arbitrary reduction
we refer to this type of sensor as an infinite-line sensor. in uncertainty in an amount of time bounded by a constant

This setting differs from previously studied bearing-onlyfactor times the optimal.
localization problems in a number of ways. In contrast to The rest of the paper is organized as follows. In the next
traditional bearing-only sensors (e.g. cameras, sondrgfw section we review some relevant literature. We then provide
can take measurements nearly continuously, measurementsiibrief review of the necessary background and notation. In
our application take significant time. The radio-tags tnaihs Section 1V we show how we can structure the measurement
a single pulse at less than 1Hz, and a full bearing measurgequence to deal with ambiguous measurements, and intro-
ment can take up to two minutes depending on the samplirice our algorithm. In Section V, we provide a theoretical

) ) performance bound and evaluate the resulting algorithm in

The authors are with the Department of Computer Science and. L . . -
Engineering, University of Minnesota, Minneapolis, MN, Ais Simulationin Section VI. We also report on a field trial of the
{j vander, t okekar, i sl er }@s. um. edu algorithm which demonstrates the feasibility for the inted




Fig. 2. Two measurements from locatiofsand s; 1. The hypothesis is
at z, and the true target is at*. The lower-right cones are predicted most
likely, whereas the true cones are less likely, accordinthéoEKF. Given
the high noise in measurements, it is desirable to displage ldistances
between measurements to avoid creating two overlapping megghown
as dark gray areas).

Fig. 3. Coordinate frames and notation: Ther Lincertainty ellipse of
target's covarianc&; _1 is shown in dashed-blue.

generalize, especially given the levels of noise which we
application. deal with in this application.
In our previous work, ( [7], [8]) we provide an algo-
Il. RELATED WORK rithm based on state-space search, and compare it directly
{9 a one-step greedy algorithm. Both algorithms used the

mature. Much of the work in this domain focuses on Optipleterminant of the posterior covariance but neither could

mizing an estimator for tracking a maneuvering target (e_él__rovidg a guarantee about final uncertainty. Furthermore,
[1] and references). Estimators for bearing-only locaiara discretization and search over state space can be coatly, an

and tracking are mainly based on the Extended KalmaPth were limited to a fixed-sized displacement between
Filter. Our contribution is not in presenting a new estimati Measurements. We address each of these issues in this work
framework for bearing-only tracking. Instead we focus oy deriving a closed form solution for the one-step greedy

structuring the measurement sequence for use with tH&gorithm, bounding the time spent and providing a guasante

common estimation technique. of posterior covariance. .

Existing results in this direction include Hammel [2] Before proceeding we review some of the concepts and
who numerically approximated an optimal approach for th80tation necessary to understand our analysis.
case of stationary target and continuous bearing-onlyssens |,
This result was generalizable to various velocity and time
constraints. Logethesis [3] used mutual information, and Our goal is to localize a target, whose true position with
found a spiraling approach to the target. These are coresldefr€sPect to a fixed global framig-} is 2* (see Figure 3). The
offline strategies, because the trajectory is precompated, robot is initially located ak,. The robot moves to a location
cannot incorporate new information during execution. ~ denoted bys; to take thei*" measurement. The prior target

Much recent work has focused on online algorithms. FagStimate is a 2> Gaussian distribution given by'(Zo, Zo).
example, Frew [4] provided an action-space search which'® mean and the covariance of the estimate afteri'the
used the determinant of the posterior covariance as ayutiliiféasurement are denoted &sand ; respectively. Let;
function. The result is useful for approximating an optimafnda: be the distance and relative angle betweeandz;
continuous trajectory, but measurement time was assumed@® Shown in Figure 3 (we sometimes drop the subscript for
be small and hence ignored. conveniencer anda can be assumed to be with respect to

Similar to this work was Kronhamn [5], who proposedthe current target estimate in such a case). _
a greedy trajectory choice, but used an ad-hoc measureVeé use an Extended Kalman Filter (EKF) for incor-
which captured the uncertainty in range across a number Bprating the bearing measurements to localize the target.
target hypotheses. Over time the proposed range informatid hroughout the rest of the paper, we repeatedly make use
function decreased, driving the sensor in a new directioff the standard EKF update equations and so present them
This produces a zig-zag motion pattern for the sensor. Thitere.

work does not easily extend to the case when the platform Thei*" bearing measurement is given byzbh($*7 si)+

must stop to measure. n, wheren ~ N(0,02) and a(a,b) = tan™'(3*=g*). An
The infinite line sensor is rarely addressed with the excefxtended Kalman Filter (EKF) is used to update the target

tion of Bopardikar et al. [6] in the context of pursuit evasio €Stimate. The update equations férmeasurement are given

problems. They provided a strategy which guaranteed captu#s [9l:

of an evading target. The resulting zig-zag path is simiar t

the trajectories we consider. However, they neglect sensor

T g—1
noise and use a geometric approach, which is difficult to Yi = X1~ X [Hz S Hi] Mi-1-

The literature on continuous bearing-only sensors is qui

. NOTATION AND TECHNICAL PRELIMINARIES

:f?i = i‘j,_l + Kz(ZL — 2@), (1)



where, subject to,
. 1 . o2y <eq-0?
H; =V, h(Zio1,8) = — [— sina;  cos ai] ;’N = ;’0
T Oy N <cq- Ty0
_ T 2 ; :
Si = H;%; 1H; +o; N>1

R Tg-1 . .
Ky =X Hi0S; and D(S) is the total distance traveled by the robot for the

The term (z; — %) is the difference between the actualgiVe'f‘ set of sensing locations. To qua_ntify the performa_nce
measurement; and the expected measureménand called of this algorithm, we compare to an optimal algorithm which
asinnovation. The EKF assumes thatz;|2;) ~ N'(5;, S;). Nas access to the true target location. '

In some applications, particularly mobile target trackitige ~The input to our algorithm is the prior target estimate
equations for the EKF update include an additive noise tern (£i-1,2i—1). An EKF is used to incorporate the prior

It is not included in our algorithm, because we assum@€asurements. The output of our algorithm is a locasion
stationary target. from which the robot should obtain the next measurement.

An inverse covariance form of EKF called Extended/€asurement locations are chosen based on two factors. We
Information Filter (EIF) can be obtained from the EKF byS&€k measurement locations which can minimize the largest
gigenvector at each time step. This is subject tcaaion
constraint, which represents the possibility of the tabghg
behind the sensor.

applying the matrix inversion lemma. The resulting updat
equations are given as:

HTH,

2
O

=T

The two eigenvalues of; are denoted as? ; ando? ;. Let

0; be the angle made b7y the polar axis with theaxis of

{G}. Hencex !, and ——— can be diagonalized to yield,
US
-1 1 1 T
Y= R0:i1)6(——, )R (0i-1)

O0%i—1 Tyi—1 Fig. 4. Two possible locations for a measurementand s}. &; is the

1 current target hypothesis. The predicted measurements arensas z;

+ R(a;)6(0, 5 YR (o). (2)  (green line), and the actual noiseless measurement is giver kigd line)

Ti0s can be divided into two measuremeni% and z;; for front and behind.

. . . The EKF predicts that; is more likely, for any sensor location. Thef
where R(0) represents a 2 rotation matrix with angléd,  pas less ambiguity, because the innovation provided lman be applied

andé(z,y) = g is a diagonal matrix. directly to the hypothesis.
With this review, we formally state our objective and To show the intuition for a cautious strategy, consider the
problem statement next. scenario shown in Figure 4. The EKF predicts measurements
that correspond to the target hypothedis, while the mea-
IV. ACTIVE LOCALIZATION ALGORITHM surements are actually distributed arourtd If z* is nearly

In this section, we present an algorithm that achieve%oumear with the sensor and hypothesis, then the infinite

any desired reduction of uncertainty, despite the comggai line sensor is very likely to produce measurements which

imposed by the sensing model. We bound the total executi ow a low innovation. This is in direct conflict with the true
time to no worse than a con;stant factor times that of afPut unknown) target location. We are forced to either chose

optimal opponent who knows the true target location. one of_the measurements to be used for_ the update step, or
maintain two hypotheses. Worse, according to the EKF, the
A Obiecti lower probability measurement is actually the correct one.
. Objective e RN
Intuitively, this situation occurs when the angle between
Lett,, be the time it takes to obtain a single measurement and »* is greater tharg which implies the true target is
andt; be the total time spent by the robot moving betweemehind the sensor. However, we can plan the measurement
measurement locations. Our objective is to find a set &fequence to guard against this possibility, which allows
measurement locations = {sy, s, ...,sx} to reduce both ys to use the most likely measurement while limiting the
the eigenvalues of the prior covarianeg (,, o7 ;) by a given  possibility that this is the incorrect choice.
factor c; < 1, to minimize the total timeV - ¢,,, + t;. We Let the probability that the true target is behind the sensor
assume that the robot moves with unit velocity and can turith respect to the target hypothesis be,
in negligible time. T T
Hence our objective is: py(s,27) ~ p(z]2 > 5) +p(l < _5) ©)

minimize N -t,, + D(S) Due to the Gaussian prior, this probability is non-zero for
S={s1,0r5n} m any candidate sensor location. Therefore we define a risk



term 5 and seek measurement locations suchgpat;, &) <
SB. If an algorithm can assure this for each measurement
location, we call it3-cautious.

Instead of numerically approximating this probability for
each sensor location, we can use the following lemma to
exploit some structure provided by the EKF.

Lemma 1: A measurement strategy fiscautious when the
innovation at every time step is less th@ﬁ\, given by

2 Ad
Si<oj= o1 4)
Proof: We desire a value for the variance of the
measurements such that Equation 3 is less tharOr,
p(zlt <A >1-% (The other direction is symmetrical).
Let the innovation bey = z; — h(%) as described in
Equation 1. Note thai(z|#) is NV (7, S;). ThenZ isJ\/(O 1).

A0 B JANC
Thenp(§ < §%) =1-5 = 5= o '(1-5).  Algorithm 1 B-Cautious Stratedyo, 70, X, A0, 3, 07)
where ®~ i is the inverse Gaussian CDF with me@arand

Fig. 5. One measurement step of the cautious strategy prdsénte
Algorithm 1.

variancel. As an inequality, 1: 0/23 — q)_l(Alg 3)
2 AO B Ad . g 2. (02,02 ) < eigenvalues(,)
< >1-5 — > P 1—-= z,00%y,0 0
p(Si_ SZ)_ 2 S; ( 2) 31+ 1

Note that everything is constant exceftwhich depends 4 While o2, | >cq 07 g 010y, 4 > ca- 0oy, do
directly on the candidate sensor location and distributbn 5 if 7S oddthen X _ _
the target hypothesis. By solving fd; the result follows. & Polar frame ati; ; aligned witho ;

2
o L ¢ Move t0s;: (ry, ;) (1) =255, 5).
Lemma 2: A measurement location ig-cautious if the BT

T . endif
range at timei is given by, By
g g y 9: if 7 is eventhen
N sin? a;02 + cos? 02 ©) 10: Polar frame ati;_; aligned witho, ;1
T = 2
' . o —o0i o 11: Move t0s;: (ry, a;) = (1) 45, T).
Proof: By Equation 4, a location is cautious if . B
12:  end if
S; SU% 13: (.’%Z, El) — ekf,updateé:i'i,l, Zifl)
HiS o HY <o? — o2 14: (02,0, ;) + eigenvaluesy;)
1 ’ 150 i+ 1+1
—Q(sm2 ala + cos? a0 ) <0’B — Uf 16: end while

i

The result follows by inverting the inequality and gathgrin

the terms. B odd; hence we reduce? ; ; with this measurement. Recall
This allows a Single offline calculation of a parametethat (’I”,,Oz,) are the p0|ar coordinates in the frame&f ;

0. Most mathematical sofwares, including Matlab, have @ith the axis aligned with the eigenvector corresponding

simple routine to calculat®~'(x). We assumers > 0s.  to o,,_1. Algorithm 1 chooses the measurement location
If this is not the case, intuitively, the sensor is too noigy t o2 .

satisfy caution given the value of assigned. In Section VI 5i * ( 012370 3). After updating the target estimate using
we show that reducing arbitrarily drives the time spent by the EKF update equation with measured bearing the

the algorithm to infinity. This is because the required rangmrget estimate shifts to a new location crr ,_1 decreases,

r; becomes so great that the measurements have litte effectd o7, , remains unchanged. Sinde+ 1 is even, the

on the hypothesis. However, the number of measurementsw measurement location is chosen perpendicular to the
follows in closed form (see Section V), so the effect®f eigenvector corresponding nj (We show in Lemma 3 the
can be evaluated offline. covariance matrix does not rotate). The robot then trawels t

Algorithm 1 presents the details of our strategy. this new locations; ; (shown as dashed in Figure 5).

At the ** measurement step, we define a local polar This process continues until both the eigenvalues are
coordinate frame with pole &f;_; and the polar axis aligned reduced by a desired factor. The algorithm is guaranteed
with one of the eigenvectors. to terminate since for every two measurement steps, both

Figure 5 shows a measurement step of Algorithm 1 ieigenvalues are guaranteed to decrease. In fact, we boend th
action. &;_, and¥;_; = 6(02, ;,0., ;) is the estimate number of measurements taken by our strategy in Lemma 6.
of the target before thé"” measurement. Suppose thiais In practice, there are two candidate points which satisfy
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Fig. 6. A simulation execution of the cautious strategy. L&fe full run. Middle: Detail of the boxed region in the firsgdire. The robot successfully
keeps the target hypothesis on the same side as the trueltargtdn, with no knowledge of the true target. Right: Areatiun from the same setup. The
true target begins behind the first measurement location,ulastesiuent measurements correct because the caution aunstesients the target covariance
from becoming too small too quickly. In all figures, red is theafitarget, black is the true target, and green are the seasatidns.

the cautious requirement: at;, 5) and reflected across the = The proof follows directly from Equation 6. When = 0,

target eigenvector, &t;, —7 ). We can chose the closer of theR(a) _ |10 . By substituting in Equation 6 we get

two to save travel time. However we will proceed assuming 0 1 ’

we always chose the more distant option, because we seek 1 0

an upper bound. T S - n {1 0] [0 0 ] [1 0]
Figure 6 shows a complete simulated run of our algorithm. 0 —t - 0 1) |0 Z=] [0 1

The robot travels in a zig-zag fashion towards target, and i 0 1 o 0

after each measurement update, the target estimate shifts:.: ) ] _ [03 i1 . )

(again in a rectilinear sense) towards the true targetitmtat 0 o2, 0 z + 7202

Instead of the alternating between the two eigenvalues for
consecutive measurements, we could have proceeded
reducing one at a time, eliminating the need for the robot tbaveiai,i = Uii,l and Ui,i = % The case when
zig-zag. However, alternating between the two eigenvalues _ . . symmetric yielding;y"; L and
has the desirable characteristic that we never get too cIosé 22 s 0% 1TOIT]

to the target hypothesis. Additionally, we bound the tota‘l’y, Oy,i—1- n
distance traveled by the robot using our strategy (Lemma 8) Lemma 4: For a given range from target;, and an

and thus the total time as well (Theorem 1), presented in tigégenvalue we wish to reduce, a maximal reduction occurs
next section. when we seta; = % with respect to the corresponding

2
eigenvector.

can observe thdt'Y; is a diagonal matrix. Also we
2 2,2

2 2 2
Uz ,i—19s7%

V. ANALYSIS Proof: The posterior, prior, and measurement jacobian
Our analysis proceeds in two parts: We first bound the tot&f€ related by Equation 2.
time taken by the cautious strategy, for a given input insgan HTH.
We then derive a lower bound on the time for optimal =+ T;J;

strategy and show that the competitive ratio is bounded.
We would like to point out some of the geometry providedrhe trace of a matrix equals the sum of the eigenvectors.

by the EKF update equations, and of bearing measuremefiaking the trace of the above equation, we have,

in general. These derivations provide the framework for our

. HTH,
analysis. (ST =tr(S7) + (7 g")
Suppose that the robot always takes a measurement of the g5 Til
form a; =0 or o; = 3. 024022672 1572 4
Lemma 3: For thei'" measurement ify; = 0 or a;; = Z, R L
then only one eigenvalue of the posterior covariahce:; Ao=2 4+ Ag—2 =
decreases, and the rotation of the posterior is the same as * Yo o

the rotation of the prior.
Proof: In the local frame ofz,_ 1, 3; is a diagonal

. ) 1 1
matrix, i.e.," 'Y,y = 6(———, ———). The EIF update

Without loss of generality assume we wish to decregse
Then,
zi-1 Tyi-1 9 1
. . ) YL Ao 2 <
equation (Equation 2), when written in the local frame of © o2r?
T;_1 becomes:

A2 >0 (7

L which shows that the decrease for any single eigenvalue is
IS =6 ) + R(:)5(0, 5—)R" (o) bounded above by— By examining Equation 6, we can

Ti0s

(6) change an elgenvallue by this maximum amount wheg-



5 + km or 0 + km, (for some integeik) depending on the Proof: The cautious strategy presented in Algorithm 1

choice ofo? or o2. B at each iteration chooses a measurement location which is
The following lemma bounds the maximum distance th@erpendicular to one of the eigenvectors of the covariance
target estimate shifts after an update. matrix at a distance:; = 02"_?02 away from the target

Lemma 5: After the it” measurement, the maximum dis-

tance between the posterior hypothesis and the prior hypotstimate, wherer; = o, ; or o, ; depending on whether
esis is given by, is even or odd. In the following, consider all evenh= 27)

iterations, such that; refers too, ;.

O i
W#, a; =0 By Lemma 3, we know that whea = 7, EKF updates
Y,r— o2 . .
|12 — &-4]| < r, T only one of the eigenvalues and the other one remains
Tl ;=2 unchanged. In this case we have,
Lﬁl_;,_rmg
Proof: From Equation 1'we can write L1 L
2 - 2 + 2,.2°
i1 95 95T

12 — &1l = (2 — 2)[ K| < 7| K], o
. . . R Substituting the value of; we get,
since the innovatiorfz; — 2;) can be at mostr.

We express all quantities in the local coordinate frame 1 1 (gf3 —0?)
of #;_; (note that||Z; — &;_1|| remains the same). By o2 2 I+ oz
substituting the diagonal form &f;_; into the EKF update It J *
1 H T 1 2
equations and simplifying we get Lety = % Hence back-substitution shows,
o2, sin®a; + 05 ;1 cos? 9 ’
S; = : 5 : + o
r’ 11 1 o, 1 g
2 e > T 2V = 57 = 57 =
K — 1 0% i—1 8@ 0541 o3 054 05 o
‘ ‘732“'715”12 aiiai,i,lcosz ; +Ti03 0'5’2-71 COS (; _ iryj
k2 0_8 o
H h Let N be the number of measurements required by the
ence we have, cautious strategy to achieve some desired reduction. Then,
2
Tyi—1
e . , O = 0 0,2 1
Kl = { T L=z
v o2 i1 _r Tn €a
"2 i—1 Q6 = 2
L= 402 N> 210g7 ()
2
Tz izl , a; =0
y,i—1 . ..
o Es — #ia]] < yré% /*’:"3 Hence,]y = [2log,, (i)] measurements are sufficient for
W%, a; =73 the cautious strategy to reduce one of the eigenvalues.by
Z,r— .2
i T With an additionaf 2 log,, (i)} measurements, the cautious
B strategy can achieve the desired reduction for the other
eigenvalue. "]

A. Upper Bound on T's1.¢
Next we show that the total distance the robot travels for

To analyze the performance of our algorithm, we firs )
. heseN measurements is bound. The next lemma computes
show that for a giverey; < 1, the number of measurements . .
. . a bound on the total distance traveled for the case Whgeis
taken by the cautious strategy is bounded. We then show tha .

. . . . . ircular. Lemma 8 then extends this bound for the case when
the distance between consecutive sensing locations is al§o is not necessarily circular. Finally. Theorem 1 gives the
bounded, regardless of the actual measurements obtaireed. Y ) Y. -9

: o bound on the total distance traveled by the cautious strateg
prove these results for a circular-shaped prior,d.g= o, uring its entire run
then generalize to the case where they can be dlfferer(ljt. g Cif o | he di led by th
. Lemma 7: If X is circular, the distance traveled by the
Since our strategy assumes no knowledge of the true targe . . .
. obot performing Algorithm 1 moving between &l sensor
location, we show the performance bounds hold for all”~ " . . : .
. " ocations i.e., betwees,; to sy is bounded i.e.,
starting conditions.
We begin by proving a bound on the number of meausure- 1—cy <\/§ + wﬂ) ®)

ments required for a given;. Dcrre < d(so,s1) + 200 NG
Lemma 6: For a given acceptable risk parametér

N = [4log, (é | measurements are sufficient for the cau-

tious strateng to achieve the given desired reductign

o5y — 1

d
wherey = —.
g
wheren — o5 ) Proof: Consider the situation shown in Figure 5 for the
Y=z o it" measurement of Algorithm 1. Without loss of generality,

S



assume that > 1 is odd, hence the robot takes a meafrom which Equation 8 follows. [ |
surement perpendicular to the eigenvector corresponding t We now extend the above lemma for the case whgris

03,1—1-

For taking thisi** measurement the robot moves ip

. o2 . )

given byr; = 5 5 anda; = 3 in local frame ofz;.
o2 —

g9

The robot takes a measurement from this location, and  Proof:

not necessarily circular.

Lemma 8. The total distance traveled by the robot execut-
ing Algorithm 1 with prior covarianc&, = 6(a3 4,0, ) is
bounded by Equation 8 wherg) = maX{Jw’o,O'y70}

Without loss of generality assume that

performs an EKF update. By Lemma 5 we know that th€z.c = 0y.0- UsSing Lemma 3 we can show that by following
updated target estimati shifts a bounded distance alongthe cautious strategy..; > o,; for any odd value ofi.

the direction of the eigenvector correspondingotp,. By

Hence, we can showp (i) + dg(i + 1) < 2dp (7). The total

Lemma 3 we know that,; does not change and is thed'St""”Ce can then be shown to be bounded as,

same ag;. Hence,r; 11 = ;.

By triangle law of inequality we know that the total dis-

tance traveled by the robot betwegnand s;; is bounded
by,

do(i) < V2ri + ||2i — 2|
0.2
< frt+ﬂ -2

7 +T1

o4 —
rl<\/§+7r A )
g

B

(By Lemma 5)

Now, for the (i + 1)** measurement the distance traveled

is strictly less thanip (i). This yieldsdo (i) + dg(i + 1) <

2dp (7). Hence the total distance traveled fof measure-

ments is bounded by,

N/2

Decrre < d(so,s1) + QZdo(Qi —1)
i—1

N
<d(so,51) +2) do(2i—1)

i=1

2 — 2 N/2
= d(so, 1) + <\[+7r >2T2i1

o2 N/2
— 05 02i—1
<\f+7r - )z =
i=14/03 — 05
\f+7r N/2
30751 —_— 202171
— 02 i—1
Consider,
N/2 N/2
Zm =0 Z
1 — Cq
= 0’0
V-1
Substituting we get,
1 Ca \/§+ T z
Derre < d(so, 51) + 200 1 ‘
Vake 0% —o?

Dyre < Dorre

]

By combining Lemmas 6 and 8, we can bound the total
time spent by a cautious strategy, which holds for any
problem instance.

Theorem 1. The total time spent by &-cautious strategy
is bounded such that,

Tg < Nt,, + Co0¢ + d(So,Sl)

- ()

C_21—Cd \/§+7T’YT_1
A oA
2
g
7:—§>1.
UG

The previous analysis allows us to state a worst-case
bounds on the performance of this algorithm. We can extend
the result by showing that this time is below some constant
factor times the optimal time for any problem instance.

B. Lower Bound on Optimal Strategy

To derive this we assume there is some plagd? " who
knows the true target location.

Assume OPT has only one goal: to reduce the larger
eigenvalue by the desired constant. This setup is pictured i
Figure 7, and we refer to it as the 1D version of the problem.

Let the initial position of both algorithms bg = (ag, 1),
and the measurement sequence chose®@ BY' be Sopr =
{s1,82,...,8r}. Assume there aré measurements taken
by the optimal strategy. Depending on the interrelation of
measurement time and velocity casiis any positive integer.

Lemma 9: Given an optimal measurement sequerite
for the one dimensional eigenvalue reduction problem there
exists a sequenc§’, with measurements taken on a line
perpendicular to the eigenvector which takes no longer
to perform, and produces at least the same reduction in
uncertainty.

Proof: Assume that the eigenvalue we wish to reduce
has values, and corresponds to an eigenvector with orien-
tation 8y, both at time0. We construct a new measurement
sequences’ from S = {(ay,r;)} such that,s” = {(5,r:)}
(refer Figure 7).
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Lemma 10: Let S be an optimal measurement sequence
of size k measurements. Then a sequetstein which all
k measurements occur at the same point produces the same
change in eigenvalue in no worse time.

Proof: First we define a point at rangg perpendicular

to the eigenvector, such thatmeasurements taken from this
point satisfies the objective. Then we transform the secgienc
into S’ by the procedure given in the previous lemma.

If all of S” measurements take place at this point, then

Fig. 7. Restructuring a sequense(green line) into the sequence*. S , . .
is first transformed te” (red line), then all measurements are movedto W€ are done. IfS” contains a measurement with range less

(red circle). The final sequence (blue line) consists of mesents from  thanr}, then it must travel farther, and this contradicts the

only the pointS* at rangery. assumption thas’ is optimal. If S’ contains a measurement
with ranger’ greater tham}, then the reduction in uncertainty
produced by the sequené® is given by

Note that the first sensor locations are thgn= (7, 70)

and so = (ao,70) and all measurements take place on k=n LI
concentric circles of radius;, centered on the true target Aa(S') = Z 3+ Z 2
7 < 0-2,,«/‘ ‘ 0—2/’1*,
location. =1 8T gen ek
By induction oni, we can show how the transformation oo
from S to S’ produces the same reduction in the eigenvalue, = Z o2r2
without increasing the time spent. =1
Consider the situation after first measurementand s.
We have, because”’ > ;. This again contradicts the assumption that
1 " is optimal.
Aoy = —5 >Aoy - Lemma 4 S P
05Ty u
. * -
0, =0, - Lemma 3 Theorem 2: Let S* be the measurement sequence de

scribed in Lemma 10. The minimum time taken$¥, which
is a lower bound forSo pr is given by

and the travel time is given by o2
0

(S > t(S*) > max(rf — ———2——— 4+t tm

d(so,s1) = ||so — s1]| = d(sp, 81) =10 — 11 (Sorr) 2 t(57) 2 (ra 2t (2 — 1)02 )

which follows from the triangle inequality. where oy = max(0,,0,0y,0), 15 IS the range to the true
Assume for alli < k, d(S;) > d(S!) and Ac(S;) < target location at time 0, and; > r;.
Ac(S!). Then at thek! measurement of the sequensg Proof: Let the time for the optimal solution be given
the orientation of the eigenvector is the same as the otiginas,
orientation. The effect of the sequences is given by, &
HTH T(Sopr) =k tm + ) _|ldf —di_4||
Ao (Sk) :Tgigj +Ac(Sp_1) < ;
kYs

1 wherek is the (unknown) number of measurements taken by
Ao(S},) = —— + Ad(S; i i
o(Sy) = 202 + Ao (Sk_1) the optimal strategy. After applying the results of Lemmas

] 4 ] 10 and 9 and assuming > 7,
Which follows from Lemma 4, which states that the re-

L . H; Hy . N =k- X _px
duction in the target eigenvalue b%{’;—zk is upper bounded t(Sopr) 2 US™) =k tm + 15 — 1%
k%5

1 ) ) We can findr} as a function of theék measurements by
by 252" The travel time taken by these sequences is,  |ooking at the final reduction in uncertainty, given by,

k

k—2 1 k

*\ —
D(Sk) =llsi — sicall + 3 llss — siall > Aol8) =D g =
i=0 =
k-2 By solving the above for}, we have
D(Sllﬂ) =Tk —Tkp—1+ Z i — Tit1
i=0 N Ao (S*)k
Tk} - 70_

Where we invoke the triangle inequality to show that —
sp—1]] < rr — r,—1 and the summation inequality follows Note that the functiomo is the change in eigenvalue for
from the induction hypothesis. the sequence of measurements. Becatisecompletes the



objective (it is a transformation of,pr), the final change where N, Cs are given by Theorem 1, ands is given by

is given by Theorem 2.

. Substitute int for d(sg, s1) because the first measurement

Ao(Sopr) = Ao(57) location is always closer than the hypothesis, by definition

=02 —0,° This makesT'(Sz) bounded, regardless of true target lo-
= C(;QJ(;Q —ay? cation. i.e., a constant with respect to true target. Then it

1 remains to find theD PT expected bounds.

=09 (07 -1) First, observe that the denominator is the expectationeof th

d maximum of two convex functions, which is then a convex

— rf = \/FUO function. This allows us to apply Jensen’s inequality, vahic

os(zz —1) states thal[f(z)] > f(E[z]) if the function f(x) is convex.

We have the change by both algorithms as an equalitT.hIS provides a lower bound on the expectation Ge6”)

- . 5
This is because, if a measurement sequence produces a final

eigenvalue smaller thatfo3, we can move; slightly closer E[t(Sp)] < N -ty + 6;200 + 7o
to r3, reducing the total travel time, unt2 exactly equals E[t(5*)] T Elrg — C305] + E[ty]
€300
The total time taken is now E[t(S5)] <N tm 4+ Cooo + 7o
VEo E[t(S*)] = tm — Cs08 + 7o
T(SOPT)Zk'tm"FTS—liOl . . 0 2
03(3 —1) Supposery > A7y + Agog + Czof for constants) <

We can minimize this time, and solve fér Minimizing A <1, 45 >0, andCs > 0. Then we have,

with respect tok produces o — C308 > A1 + Asog
0.2 E[t(Sﬁ’)] N . tm —+ CQO’O —+ ’I:o
ko ooo—_ % o7 S -
min 415%10'3(% — 1) E[t(S )} tm + A200 + Al?"()
€a <N.tm+020-0+720"14 1
Substituting this back int¢(.S*) and simplifying, we have = Ai(tm + Agog + 7o) 1<
the result, We defineA such that,
t(Sopr) > 15 _10308 +lm e {Al if Ay > 1
Co= - A4, if A<
3 QUf-tm(C%—l) 1 A2 2
d Then,
ck>1t, >0 R
N - tm + 020'0 + 79
Notice that, in generakg could be less thaf’;o2. So the Aty + 00 + 7o)
time2 bound should be expressed @Sopr) > max(r§ — Nt,, + Noo + N
0300’0) +tm: . . . u A(tm + 0o +720)
Let the sequence of sensor locations given lzﬁf(mu_tlous Cotr, + Cooo + Cafy
strategy be described ;. We can state the following. A
. . . - A(tm + ago + TO)
Theorem 3: The cautious strategy i§-competitive. b 4o+ 7
Proof: We show: 4 mTO0T 0
A(tm + o9 + 7‘0)
E[t(S3(X))] — C x E[t(S™(X))] < b
Whereb does not depend on the input instance &id is NG+
the expectation over*. - A
It suffices to show that The last step follows by grouping like terms, factoring out
E[t(S5(X))] the constants, and canceling, since all constants areegreat
e
E[(5+(X))] = than one. [ |
for some constant’, which does not depend on the problem VI. EVALUATION
instance. To gain insight into the expected performance ofja
Expanding the results from Theorems 1 and 2, theoautious algorithm, we conducted simulation studies. We
grouping constant terms, simulated a real-world localization scenario using theseoi
E[t(S5)] E[N -t + Ca0o + d(s0, 51)] and estimate uncertainty we have encountered. We present

= both, the aggregate results, as well as some examples high-
* 2
Et(5%)]  Emax(r§ — C305,0) + tm] lighting the major differences in cautious and non-caigiou

strategies.
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Fig. 8. Simulation study of the effect ¢f on time (left), number of measurements, (middle), and final acgup@ght). Note that a smaller value ¢f
enforces more caution in the measurements.

In Figure VI we show the effect of introducing-caution We show the result of an execution, where the robot was
to a greedy measurement strategy. Measurements were chble to locate a reference tag from a distant starting looati
sen to minimize the posterior uncertainty for a range of
values of3. Each execution was terminated when it produced Triangulation
an uncertainty with eigenvalues below some constant. From
these we can see that a cautious strategy tends to reduce final

error (measured asz — x*||), but excessively small values 1(()}
of 5 can increase the time spent by the algorithm. 0.

We then varied the starting conditions, but kept the sens- ~30l
ing model equal to the parameters for our radio receiver. §,40,
>_

Starting range to hypothesis was varied from tens of me- 50!

ters (V(10,10)) to a few thousand X(1000,500)). This 60!

approximates a small sub-region of a lake, such as shallows o/ T—

where fish might aggregate, to searching an entire lake for a 80+

single tag. True target locations were sampled from theetarg 90+

hypothesis, the cautious algorithm run, and the distance 80 60 40 30 >0 20 60
traveled and number of measurements were used to estimate X(mc}

the real-world execution time. This was compared direaly t

he predi imal ex ion aiven from Theorem 2. Fi9- 9 A successful field trial of the cautious algorithm. &aeters for
the predicted optimal execution given By fro eore this trial wereog =1lando? = (5)2. The 3¢ uncertainty ellipses at

h iteration are shown.
TABLE | each iteration are show

E[C] FOR VARIOUS ALGORITHM PARAMETERS

[ 5 [ Ca [ tm [ E[T(Sp)/T(S) ] VII. CONCLUSION
100 | .1 | 60 34
188 i 120 g-g We presented a novel variant of the greedy strategy, which
1000 1 | 120 12 we call cautious greedy. We have shown that a cautious
100 | .1 | 120 6 strategy can minimize the effect of ambiguity with an ingénit
10 | 1 ] 120 12 line sensor. We then bounded the performance of a cautious

strategy, providing a worst-case guarantee on the timentake
Table | shows the results of computing the expecteBy the algorithm. We have compared the cautious strategy
performance. The last column is the expected competitiu® other greedy strategies, and shown that the performance
ratio computed by taking the expectation over all possiblémes for real world applications is often better than the
x* in some finite state space. Notice that the ratio of timesxpected result.

increases as the initial range; decreases. This is because The strategy presented here could genera"ze to other

t(5*) approaches its minimum value. bearing sensors. For instance, the strategy might be used
. . to plan views which maximize the probability of the subject
A. Field Experiments being in some field of view.

In preparation for winter-time tracking of carp aggrega- In this work we have bounded the time taken to track a
tions, we implemented the algorithm for use on a robagingle hypothesis. We also minimize the effect of ambiguity
designed for the task. The chassis is pictured in Figure fvhich in turn can reduce the need for multiple hypotheses.
We then conducted field trials consisting of localizing tag©ur next steps will focus on analyzing a strategy which
which were distributed in a field. admits multiple hypotheses.
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