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Environment and Solar Map Construction for
Solar-Powered Mobile Systems

Patrick A. Plonski, Joshua Vander Hook, and Volkan Isler

Abstract—Energy harvesting using solar panels can significantly in-
crease the operational life of mobile robots. If a map of expected solar
power is available, energy efficient paths can be computed. However,
estimating this map is a challenging task, especially in complex envi-
ronments. In this paper, we show how the problem of estimating solar
power can be decomposed into the steps of magnitude estimation and solar
classification. Then we provide two methods to classify a position as sunny
or shaded: a simple data-driven Gaussian Process method, and a method
which estimates the geometry of the environment as a latent variable.
Both of these methods are practical when the training measurements are
sparse, such as with a simple robot that can only measure solar power at
its own position. We demonstrate our methods on simulated, randomly
generated environments. We also justify our methods with measured solar
data by comparing the constructed height maps with satellite images of
the test environments, and in a cross-validation step wherewe examine
the accuracy of predicted shadows and solar current.

I. I NTRODUCTION

Mobile robots are useful for outdoor environmental monitoring.
However, their lifetimes are usually limited by the energy density
of batteries. One method to improve the system lifetime of mobile
robots is through the use of solar photovoltaic panels. For example,
the solar-powered NASA Mars roverOpportunity has remained in
operation for more than 10 years, far longer than would have been
possible from only the initial energy in its batteries.

In a complex environment, shadows cast by objects or terraincan
affect the incoming power available from the panels. To maximize
system life, therefore, it can be useful to plan energy-efficient paths
along which more insolation can be harvested. As demonstrated
in [1], a short deviation in path or sample position can result in
dramatically increased insolation. To plan these energy-aware paths,
the robot needs a map of available solar power, or insolation, over
the operating environment.

In this work we propose a two-step process to estimate the
insolation at unobserved future position that a solar powered robot
might visit. In the first step, we estimate the magnitude of the
solar power collected by the robot with current system and weather
conditions. In the second step, we estimate the classification at other
future positions for the robot, and combine the likelihood of sun with
the estimated power conditioned on class to achieve our finalsolar
power predictions.

If there is an accurate prior map of the shadow-casting objects in
the environment, it is straightforward to perform raytracing from the
angle of the sun at any time of day and determine if a candidate
robot position will be in the sun or the shade. Lacking a prior
map, existing approaches use sophisticated sensors such a LIDAR
to directly observe the 3d geometry. In this work we are interested in
techniques that have minimal hardware overhead, requiringthat the
robot need measure only its own position and the amount of insolation
it receives. An example application where minimal hardwareis useful
is the use of simple, low-cost robots.

In this work we present two methods which use only position and
insolation to estimate solar classification. We have previously used
Gaussian Process (GP) regression as a simple data-driven method to
estimate the insolation at a position [1]. Here we extend this method
to allow shadows that vary in time. Although the maps produced
by regression provide accurate estimates of shadows in the short
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Fig. 1. The two experimental platforms used to validate our algorithm. These
platforms were developed for an environmental monitoring application which
is presented in [2].

term, the method does not have a model for how shadows should
move in response to the known change in sun angle. Even if the
correct shadow boundaries are known, it is challenging to determine
the future shadow profile without knowledge of the shadow casting
objects. Therefore, to accomplish longer-term predictions we present
a new classification strategy which infers the underlying geometry
of the environment as a latent variable, based only on recorded
insolation measurements. Our method for using effectivelya single
mobile light sensor to build a coarse model of the environment could
be of independent interest, beyond its utility for solar estimation.

We validate our method in simulation. We also implement our
method on two different mobile robotic systems (Figure 1) and verify
the algorithm by building an estimate of shadow-casting objects in
two representative environments: an urban park and a lake shoreline.
The constructed maps are used to predict insolation at withheld
positions and times with good accuracy.

II. RELATED WORK

Information about solar energy collected from the environment has
been used to inform path planning, usually for long-term mission
planning. In open environments (e.g. in Antarctica [3] or onthe open
ocean [4]) the energy is primarily a function of the robot’s orientation.
Therefore insolation is constant at a certain time of day if the solar
panels are mounted horizontally.

The problem changes in a complex environment that contain
objects or terrain which can block the sun. Estimating and avoiding
shaded areas can increase system lifetime, but the problem of estimat-
ing how collected insolation will vary across a domain has received
limited attention. A notable exception is the TEMPEST mission-level
path planner [5] which calculates the position of the sun andthen
performs raytracing on known nearby terrain to build a solarmap
that can be used to estimate the net energy cost of a path.

Given that sensing the terrain in high detail is a difficult task,
in [1] we examined the problem of learning the solar map usingonly
measurements of position and solar insolation. We used Gaussian
Process regression to estimate the insolation collected atunobserved
locations. When used for short-term prediction, it was possible to
achieve energy gains by planning solar-aware paths. However, the
assumption of spatially-correlated shadows fails over larger time
scales. The method did not have the ability to account for therelative
change in sun angle between the time of the training measurements
and the time of the planned path.

To obtain a shadow map that intelligently adjusts for time ofday,
we need to estimate the geometry of the environment. Mappingthis
geometry is a similar problem to that of estimating occupancy maps
for path planning purposes. Existing methods for occupancymapping
(e.g. [6], [7], [8]) require range detection to directly sense the presence
or absence of objects. It is unclear if these approaches can be extended
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to our sensing model which uses only measurements of solar power
associated with positions and times.

In the computer vision literature, shadows are occasionally used to
learn about the scene. Abrams et al. [9] used a series of images taken
from the same position throughout a clear sunny day to estimate the
geometry of an outdoor scene. Their approach, however, requires that
the boundaries of a shadow can be accurately estimated for any time
slice. This is often not the case when the only solar measurements
come from the same position as the robot.

It is possible to start with a conservative estimate of the objects
in the environment and use shadow carving techniques (such as
[10]) to converge over time upon a correct estimate of geometry
of shadow-casting objects in the environment. However, when given
sparse information (as from a robot that can only observe insolation
at its own position), shadow carving results in an estimate of shade
almost everywhere.

Our main contribution in this work is a new method of solar
estimation that uses previous insolation measurements along with
expectations about the environment to construct a map of theenviron-
ment geometry. With this map and a calibration step, the estimated
insolation can be computed for any position at any time. Assuming
the robot can localize itself, the proposed method requiresno sensors
except a current sensor attached to the solar panel.

III. A PPROACH

In this section we present our problem statement and the outline
of our approach. Our goal is to estimate the insolation that will be
received by a mobile robot in a workspace at any specified position
and time, given that past measures of insolation have been recorded
in the same workspace.

Let the prior points visited by the robot beX = {x1,x2, · · · ,xn},
where eachxi is a vector containing the position and time of the
visit. The robot records the insolationyi at each point to form the
set of measurementsY. We make the simplifying assumption that the
surface is flat, and we do not consider elevation changes or changes
in relative orientation of the solar panel with respect to the sun. A
variable tilt of the solar panel and elevation changes can beeasily
accounted for, as long as they are known parameters.

We can formally state our problem as follows:
Problem Statement:Given solar insolation measurementsY at points
X , estimate solar insolationY∗ at pointsX∗.

In this work we take advantage of the fact that on a clear day
the majority of positions can be approximated as entirely sunny or
entirely shaded, and split solar prediction into separate calibration and
classification problems. Calibration estimates the power collected in
the sun or the shade at any time of day given current system and
weather conditions, and classification estimates the likelihood that a
particular point is in the sun. The proposed method of solar prediction
can be described with the following three step process:
Solar Prediction Method:

• Calibration — from solar magnitudesY and timestamps,
estimate calibration parameters that determine the insolation
in sun and shade, and classifyY to the solar label setZ such
that eachzi ∈ {sunny, shaded}

• Environment Reconstruction — from the label setZ and the
measurement positionsX , build a model of the shadow-casting
objects in the environment, denotedH.

• Estimation — useH along with the environmental model to
estimate the probabilityp(z∗) that pointx∗ can see the sun.
From this probability and the calibration parameters, obtain the
final solar prediction for that rayy∗. Repeat until all we have
all predictionsY∗.

The rest of this work is laid out as follows: In Section IV, we
address the first step of our method. In Section V we show how
estimation can be achieved using existing GP regression techniques
without environment reconstruction. In Sections VI and VIIwe
present our new environment construction and estimation methods.
In Section VIII we demonstrate the feasibility and suitability of our
new reconstruction method for an example simulated application.
In Section IX we qualitatively and quantitatively compare the GP
regression with our new method using real solar data collected by
mobile outdoor robots.

IV. CALIBRATION

In this section we justify our approximation of solar estimation
as primarily a classification problem, and we present our method to
transition between insolationy (measured in current from the panel)
and classificationz ∈ {sunny,shaded} for any time of day. This
is used as the first step of the pipeline, whenY is converted toZ,
and then it is again used as the last step of the pipeline, whenp(Z∗)
is converted toE[Y∗].

A. Background

First we provide a brief overview of the relevant factors in solar
photovoltaic power generation for our system. For a more compre-
hensive presentation of photovoltaic power as it relates tomobile
robotics, see [1].

In this work we focus primarily on clear conditions (with no
clouds). This is because these are the conditions where the spatial and
temporal variability in solar power is the highest. In fullyovercast
conditions, it is unimportant to learn the geometry of the environment.
In partly cloudy conditions, the techniques described in this paper will
need a preprocessing step that can distinguish between the shade of a
cloud and the shade of an object on the ground. This is a task beyond
the scope of this paper.

Here is how we estimate how the energy from a solar panel will
change during a day. There are well-known equations to determine
the solar zenith and azimuth angles from GPS position and time of
day [11]. When a solar panel is held to a fixed voltage, the current
from the panelI can be approximated as proportional to the number
of photons that impact the cell [12]. Radiation to a panel canbe
decomposed according to its source angle in the following manner:
If it comes directly from the solar disk it is direct insolation. If it
comes from elsewhere in the sky it is diffuse insolation. Threlkeld
and Jordan [13] showed that it is possible to estimate for a clear day
the degree of attenuation a ray of sun experiences travelingthrough
the atmosphere (this attenuation is greater when the sun is lower in
the sky because the radiation has to travel through more atmosphere)
from an assumed optical depth. They also showed that the diffuse
insolation on a clear day is proportional to the direct radiation, with
the parameter that relates them varying with dust and water vapor in
the atmosphere.

In the special case where the solar panel is horizontal, we can
parameterize the direct currentIr and diffuse currentIf using three
constants: the optical depthk and scaling factorsCr and Cf . The
formulas are the following:

Ir = Cr · e
−k

cos(θ) (1)

If = Cf · cos(θ) · e
−k

cos(θ) . (2)

In the aboveθ represents the zenith angle of the sun. If the entirety
of the solar array can see the sun, the total solar currentIs = Ir+If .
If at least one cell in each series string is fully shaded,Is = If . This
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Fig. 2. An illustration of the construction of the upper heights Hu (dotted
lines) and lower heightsHℓ (solid line) in a one-dimensional environment.
The robot moves from left to right.Top: The first measurement issunny
indicated by the plus sign.Middle: It encounters ashaded region.Bottom:
It again encounters sun. The lower height mapHℓ is increased in the least
number of cells which will explain the shade measurements. Note that the
gray region betweenHℓ andHu is considered unknown: it may contain an
object or not.

situation is common when the array of solar cells is small compared
with the shadow casting objects.

In our previous work [1] we treated the solar field as continuous. In
this work we approximate every position in the environment as either
fully in the sun or fully shaded. This can be easily justified when the
shadows cast by objects are significantly larger than a single solar
cell, as was the case for all of our experiments. Furthermore, we
approximate diffuse insolation as constant, and neglect the reflected
insolation term. These approximations greatly simplify our raytracing
task, and, as we show in Section IX, they have only a small effect
on the insolation estimate for a sunny day.

If the robot has a tilted panel, or more than one panel, the task of
estimating insolation from solar angle becomes more complex, and
might depend on the rotation of the robot. This is similarly true if
the robot is operating on a slope. However, on a clear day it iseasy
to tell if a particular panel is in the sun or the shade, as longas the
panel faces the sun.

B. Calibration Procedure

To classify the training set we computeθt for each measurement
time in X and compute theCr for all measurements assuming that
they are allsunny, and assumingk = 0.2 (this is given as a
representative default for the United States in [11]). We take the
90th percentileCr as the representative and classify a measurement
as sunny if it has Cr closer to the representative than to zero.
Everything else is classified asshaded.

To go from labels back to continuous estimates we perform a
numeric optimization to find theCr, Cf , and k that minimize the
mean error between theoretic and measured solar current, both in the
sun and in the shade. When there is not a large measurement time
window it can be difficult to determine the bestk without overfitting,
so it can remain set at0.2.

V. GAUSSIAN PROCESSCLASSIFICATION

Before we present our main method of solar estimation which
reconstructs the geometry of the environment we will detailour first
approach to estimate sun and shade, which models the solar map as
a spatiotemporal Gaussian Process.

Consider the information available to a robot as it moves through
the environment and measures its insolation, as shown in Figure 2. We
can use well-established astronomical calculations to transform any
xi into a rayri that points from the ground to the position of the sun
[11]. If the robot measures direct sunlight (zi = sunny), we knowri
did not intersect any object and we can safely assume no objects lie
alongri. If zi = shaded it is apparentri must have intersected with
some object in the environment. However, the location of intersection
is unknown. This is an important asymmetry: each measurement of
sun specifically eliminates candidate object positions, but a single
measurement of shade provides very little information.

One method we could use to represent the environment is the
following: Populate the domain with voxels from the ground up
to the maximum object height and then attempt to learn which
ones cast shadows by eliminating voxels thatsunny rays pass
through and reinforcing a voxel if we can determine that ashaded
ray was specifically shaded by it. This is similar to the shadow
carving used in [10]. While voxel-based methods allow complicated
objects to be reconstructed, they scale poorly to large environments.
Moreover, for most environments, the vast majority of possible voxel
arrangements are disconnected and impossible; the voxels allow too
much descriptivity.

A common way to infer more from each particular measurement
is by using Gaussian Process regression to associate measurements
with other nearby positions in space and time.

What if we model the shadow-casting objects directly with a
Gaussian Process? O’Callaghan et al. [6] modeled occupancydirectly
using Gaussian Processes, but it is unclear how this sort of inference
can be performed when we only use solar measurements. Regression
methods including GP regression rely on defining similaritybetween
measurement positions (constructing a covariance matrix,in GP
terminology). If we measure that some rayri results inzi = sunny,
we can reasonably expect that rays passing close tori will result in a
similar sunny measurement. However, ifzi = shaded, the shadow-
casting object could have been anywhere alongri. Therefore little
can be confidently said about a rayrj that has a different angle than
ri, evenri andrj intersect.

Because rays of different angles have low covariance, we ignore
the latent variable of environment geometry, and model the solar
map directly as a spatio-temporal Gaussian Process on the surface of
the earth. We model the solar map with two spatial dimensionsand
one temporal dimension for time of day. When the different times
of day have been sufficiently sampled, this method can produce an
accurate time-varying map, even though it has no knowledge about
what exactly causes the shadow movement. For longer timescales
another dimension can be added to allow for deviation in solar angles
and terrain throughout the year.

Gaussian Processes are usually used for regression, but in this
work we are interested in classification. In our previous work [1]
we treated the solar field as a continuous GP. Here we show thatwe
can simplify the problem by estimating only the labelssunny and
shaded given previously observed labels. We rely on our calibration
method to convert observed continuous measurementsY into labels
Z as a preprocessing step for classification, and to convert the label
estimatesZ∗ back into continuous estimatesY∗. There are many
different methods to use the techniques of GP regression to achieve
classification, and we used one of the simplest, called least-squares
classification [14]. In this method, the labels are assignedthe values
±1 and regression is performed as usual, treating the field as a
Gaussian Process (all points are jointly Gaussian). Then, to obtain
p(zi = +1|X ,Z), we compute the likelihood that the Gaussian
random variable described by the mean and variance atxi will take
a positive value. Some sources (e.g. [14], [6]) suggest thatthe output
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mean and variance should be “squashed” through a sigmoid with
tunable parameters but we found that the cumulative distribution
function of the regression output was sufficiently expressive.

GP regression requires a method to obtain a covariance matrix of
all the measurement positions. We used an anisotropic version of
the stationary exponential covariance function, so that the covariance
between the values of the process at positionsxi andxj was described
by the following formula:

k(xi,xj) =

σ2
f exp

(

√

(xi − xj)⊤diag(θs, θs, θt)(xi − xj)
)

+ σ2
nδij (3)

Whereσ2
f is the prior variance,σ2

n is the noise variance,θs is the
inverse length parameter in space, andθt is the inverse length param-
eter in time. The only remaining hyperparameter is the priormean
µg. We optimize these hyperparameters to maximize the posterior
likelihood of the measurements we have received conditioned on the
model.

GP regression is a good option when there are very few measure-
ments, and little can be deduced about the environment geometry. In
addition, GP regression can be expected to perform well whenthe
environment has been densely sampled in space and time, because
in such a situation it is fully descriptive of the real solar maps.
However, as we will show, environment reconstruction can provide
significantly more accurate solar maps in medium-term situations,
particularly when the time for which we want a map is not closeto
times in the training set.

VI. ENVIRONMENT RECONSTRUCTION

In this section we detail our environmental model and the algorithm
we use to estimate the geometry of the environment using solar
measurements.

Modeling the environment as an unstructured set of voxels allows
too much descriptivity. Previously we used the fact that usually
shadows are bigger than the robot, and move slowly, so they can
be well-estimated without sampling every point in the spatiotemporal
process. However, there is an additional piece of structurethat we
can use. Instead of using voxels we can represent our environment
geometry with a heightmap (i.e. the geometry is a terrain). This
is a powerful assumption which is reasonable in practice because
most shadow-casting objects have decreasing cross sectional area at
greater distance from the ground. Even when objects don’t satisfy this
property (such as arches or trees), knowledge of the upper envelope
is often sufficient to plan energy-efficient paths: the robotcan plan
to wait on the sun-facing side of an object rather than under it.

The terrain-based, or 2.5D, representation provides a convenient
method to represent uncertainty: We maintain a continuous maximum
height hu(si) ∈ Hu and a minimum heighthℓ(si) ∈ Hℓ for each
discrete squaresi with edge lengthdǫ. The set of all squares isS . See
Figure 2 for an illustration of the constructed minimum and maximum
heights on a simple line. We allow for violations in the terrain
assumption and errors from quantization by allowing a proportion
of sun rays to pass uninhibited through any particular terrain block,
with a likelihood that decreases the farther it must travel.

A. Lower Heights

First we will present our method for constructing the lower height
mapHℓ; once we have this constructing the upper height mapHu

is fairly straightforward. Refer to Table I for a list of the parameters
we use when constructing the lower height map.

The process of constructingHℓ is a selection of the most likely
arrangement of lower heights that explains the shadows we have

TABLE I. H EIGHTMAP CONSTRUCTION PARAMETERS

Name Description
α Controls likelihood of sun when a ray is unobstructed byH

β Controls likelihood a ray will remain sunny when it travels throughH
γ Regularization cost per instances ofhℓ > 0

ξ Regularization cost per unit ofhℓ

hmax The maximum height of any object in the domain

detected. Recall that we can use well-established astronomical calcu-
lations to transform any measurement positionxi into a measurement
ray ri which starts at the spatial position ofxi and points towards the
position of the sun at the time ofxi We start with a fading function
which describes the likelihood that a particular ray will intersect the
environment before it reaches the robot on the ground, conditioned
on the modeled heights of the blocks in the squares:

p(zi = sunny|ri,H) =

exp











−α− β
∑

sj∈S(ri)

h(sj)≥h(ri∩sj)

||ri ∩ sj ||











(4)

In Equation 4,S(ri) denotes the set of all squares whichri passes
directly above,ri ∩ sj denotes the line segment portion ofri that
lies directly abovesj , h(ri ∩ sj) denotes the mean height of this
line segment, and||ri ∩ sj || is the length of this line segment. The
parametersα and β are chosen based on how well our heightmap
model matches the environment. If the environment is perfectly
described by a heightmap of resolutiondǫ, α can be taken as 1 andβ
as 0 (though in practice the algorithm to fit the heights worksbetter
if it slightly relaxed). However, if the shadow casting objects do not
exactly fill the squares,β should be selected in accordance with the
probability of occlusion per unit distance a ray travels through an
offending square of the heightmap. Similarly, if we expect there are
some shadows which are not explained by the model,α should be
set based on the probability of an unexplained shade ray.

Assuming independence between sun and shade measurements,we
can express the negative log likelihood of any set of observations as
the following cost functionf :

f(R,Z,H) =
∑

ri∈R



























































α+ β
∑

sj∈S(ri)

h(sj )≥h(ri∩sj)

||ri ∩ sj ||

whenzi = sunny

− log











1− exp











−α− β
∑

sj∈S(ri)

h(sj )≥h(ri∩sj)

||ri ∩ sj ||





















whenzi = shaded

(5)

Note that in Equation 5, the cost of a ray of sun is linear in the
length it travels through offending estimated heights; in contrast, the
cost of a ray of shade is very large if it is unoccluded but quickly
drops to near zero if it travels through a block. This mathematically
captures the asymmetry in the information gained from measurements
of sun compared with shade.

For the lower heights, we make a normalizing assumption thatthe
most likely explanation of any set of measurements is a smallnumber
of short blocks, rather than the reverse. We express this concept with
an energy functiong defined as follows:



5

g(Hℓ) =
∑

si∈S

{

γ + ξhℓ(si) whenhℓ(si) > 0

0 otherwise
(6)

Now to find the cost of a lower heightmap we simply sumf andg.
This allows us to balance the tasks of minimizing misclassification,
and minimizing the complexity of the environment. This framework
implicitly models the prior of lower height estimates as independent
and identically distributed, with a likelihood that decreases exponen-
tially with height.

The problem of finding theHℓ that minimizesf(R,Z,Hℓ) +
g(Hℓ) is challenging because our objective is clearly non-convex. We
solve it by initializing allHℓ to 0 and iteratively greedily selecting the
single height change which results in the greatest cost reduction, until
we arrive to a local minimum. To prevent the accretion of several real
objects into an estimated single very tall object, we define amaximum
allowed object heighthmax.

There exists an optimalHℓ such that each nonzerohℓ(si) ∈ Hℓ

is equivalent to someh(si ∩ rj) where rj ∈ R. Therefore finding
the optimal greedy height change is a matter of iterating through the
list of rays that intersect each square. To perform this optimization
we first sort the heights of all the rays that intersect each square. As
each ray can intersect at mostO

(

√

|S|
)

squares, there are a total

of O
(

|R|
√

|S|
)

elements to be sorted, so the time complexity is

O
(

|R|
√

|S| (log(|R|) + log(|S|))
)

. Then the time for each itera-

tion is proportional to the sum of all lists of rays:O
(

|R|
√

|S|
)

. In
practice we found that the number of iterations was small compared
with |S|, because few squares were adjusted more than once. In
comparison, GP regression requires a matrix inversion involving all
measurements we wish to use, at time costO(

∣

∣R|3
)

. Therefore, the
proposed heightmap method can be expected to scale much better
than GP regression to situations involving a large number oftraining
measurements.

In our terrain representation we assume that the robot operates
on the ground plane at all times; thus a possible explanationfor any
shade measurement is that the robot is contained within a square with
non-zero height. This may seem counter-intuitive but it is necessary
because some of the objects we must reconstruct, such as trees, reach
their maximum radius at a height other than their bottom, andso are
approximated by their upper envelopes.

B. Upper Heights

Why do we need more than one heightmap? With our map of lower
heights, we have an estimate of the smallest, simplest environment
that could have cast shadows similar to those which we have observed.
This map potentially neglects information that could have been
gained fromsunny measurements: the geometry constructed for an
unobserved position is the same as that constructed for a position that
has been consistently sunny. Moreover, there are potentially rays of
shade which are inconsistent withHℓ, because the complexity cost
would have been too much to account for them. We improve our
model for both of these situations by maintaining an upper bound on
square heights.

The upper bound for a particular square is realized in the case
when all other squares are at their lower bound, because thisleaves
the most shade that needs to be explained. Therefore, we define the
upper height in each squaresi as the heighthu which minimizes the
descriptivity cost functionf(R,Z,Hℓ∪hu(si)), whereHℓ∪hu(si)
is the lower height map but with the block in squaresi raised up tohu.
All upper heights are independent, conditioned on the measurements

Fig. 3. The probability the rayri is unoccluded in squaresj is a function of
the upper height insj , the lower height insj , the mean height ofri in sj , and
the distance||ri ∩ sj || that ri must travel above squaresj . The probability
that the rayri is unoccluded in all of the squaresS(ri) that it passes above
is the product of independent probabilities.

and the lower height map; therefore they are also easy to compute.
We use the samehmax as before as the maximum upper height. Our
only normalization is the following: when there is a range ofheights
with the same minimum cost, we select height as the tallest inthe
range.

VII. E STIMATION

The methods described in the previous section allow us to con-
struct an upper boundHu and lower boundHℓ heightmap of our
environment. In this section we describe how to obtain from these
upper and lower heightmaps an estimate of sun probability atany
xi, and a corresponding estimated sun value. As previously, westart
by transformingxi into ri, the ray from the same position on earth
which points towards the sun.

We define a new fading function, similar to Equation 4. When a ray
passes above a squaresi that hashℓ(si) > 0, we treat the probability
distribution of height insi as uniform betweenhℓ(si) and hu(si).
Whenhℓ = 0, there is a high likelihood that there is no object in the
square. We model this by using a differentβ parameter when the ray
passes above squares that havehℓ = 0.

We describe the discontinuity between a ray slightly belowhℓ

and slightly above by using the ramp functionR(·). Our full fading
function is the following:

p(zi = sunny|ri,H
ℓ,Hu) =

exp(−α

− β1

∑

sj∈S(ri)

h(ri∩sj)<hu(sj)

hℓ(sj)>0

(

1−R

(

h(ri ∩ sj)− hℓ(sj)

hu(sj)− hℓ(sj)

))

||ri ∩ sj ||

− β2

∑

sj∈S(ri)

h(ri∩sj)<hu(sj)

hℓ(sj)=0

(

1−
h(ri ∩ sj)

hu(sj)

)

||ri ∩ sj ||

)
(7)

See Figure 3 for an illustration of the variables in Equation7.
Equation 7 has three hyperparameters:α, which controls the prior

probability of sun,β1, which controls the likelihood of occlusion
when passing above a square that has a block in it, andβ2, which
controls the likelihood of occlusion when passing above a square
that does not have a block estimated in it. The relationship between
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β1 and β2 is an estimate of the likelihood that an unobserved
square will contain a block. The three hyperparameters depend on
the true descriptivity of the model, so they are ideally chosen through
optimizing the likelihood of measurements that have been left out of
the training set.

We have presented in this section a method to estimate the
likelihood that a ray of sun at any angle will intersect an object before
it reaches a solar panel on the ground. This estimate is consistent with
the input upper and lower bounds on object heights. It also has the
property that the estimated likelihoods are minimally affected when
the resolution of the griddǫ is changed, if object heights are held
constant (the only change is because of improved height quantization
of the sample ray). By combining the likelihood estimate of sun with
the sun and shade insolation estimated in Section IV, the expected
value of insolation can be obtained for any time and position.

E[y∗|x∗] = E[If |x
∗] + p(z∗|x∗)E[Ir|x

∗] (8)

The method also performs well in practice, as we will see in
Sections VIII and IX,

VIII. S IMULATIONS

A particularly interesting application for our solar estimation al-
gorithm is that of a low-complexity robot operating in a cluttered,
unknown environment for a long time. The robot can travel along
an arbitrary trajectory and it should be possible to estimate the
environment and the solar map for any time. From this estimate the
robot can plan its future trajectory accordingly.

To show that our approach is suitable for this application we
performed simulations where we generated random sample paths in
randomly generated environments. Then we compared our algorithms
sun likelihood estimates with a ground truth simulated shadowmap
across the environment.

We generated our simulated terrain environments in the following
manner: Each 40x40 heightmap was constructed out of 50 extruded
square objects with edge length between 1 and 5 units and heights
between 1 and 20 units. Over these objects were overlayed 25 square
“holes” (portions with height zero) with edge lengths between 1
and 10 units. Hole positions as well as object positions and heights
were all integers selected uniformly with replacement. An example
simulated heightmap is shown in Figure 4.

We generated 200 such ground truth heightmaps and for each one
simulated 10 days of observation, using sun angles derived from
Minneapolis on the vernal equinox March 20, and the 9 days after.
On each day there were 5 cuts from a random position on a borderto
a random position on one of the remaining 3 borders. Each cut was
performed at a random time of day between 8:00 and 16:00 localsolar
time, and it consisted of solar samples which were0.31 units apart
from each other. After each day, our reconstruction algorithm made an
estimate of the 0.5-unit resolution solar map at a random time on the
11th day, March 30, with the time of the final map fixed in the same
way as the times of the cuts.. We compared these estimated solar maps
with the ground truth and the maps estimated by the Gaussian Process
method. An example ground truth map with improving daily estimates
is shown in Figure 5, and the performance of the two strategies is
shown in Figure 6.

For heightmap reconstruction we used the fading parametersα =
− log(0.95) = 0.05129 and β = − log(0.005) = 5.2983. These
could be set strictly because the simulation environment matched
the reconstruction assumptions.α was set less strict thanβ because,
for reconstruction purposes, unexplained shade rays were much less
bad than unexplained sun rays. The regularization parameters were
set with respect to the neg log likelihood of an unexplained shade

measurement:γ = −5 log(1−exp(−α)) = −5 log(0.05) = 14.979,
and ξ = γ/20. This ensured that it would require at least5 shade
measurements to create a block, and an additional5 shade squares
to raise it up to thehmax which was20 units. For classification
we fixed the fading parameters asα = − log(0.99) = 0.01005,
β1 = − log(0.05) = 2.9957, and β2 = − log(0.6) = 0, 5105.
These were fixed a priori because for the first few days there were
insufficient measurements to fit them properly with cross validation.
The GP hyperparameters however were optimized to the data after
each day.

We quantitatively examined the performance of our two solar
estimation methods by plotting the Receiver Operator Characteristics
(ROC) of the estimates for the 11th day. Each ROC curve describes
the proportion of sun and shade correctly found as the classification
threshold is adjusted. As the number of days in the training set is
increased, the estimates become more accurate. See Figure 7for a
chart of the daily improvement of the estimates.

We found that in a cluttered urban-type environment, reconstructing
the geometry of the environment was highly beneficial over modeling
the shadow map directly with a time-varying Gaussian Process.
After three observation days, the reconstruction method performed
on average better than GP regression for every confidence threshold.
After only one observation day, when very few objects could be
accurately placed, the observed constraints on object heights from
sunny measurements allowed raytracing to predict future sunny
positions with much greater accuracy than with GP regression. Next
we will see how the methods performed in a challenging real-world
situation.

IX. EXPERIMENTS

To validate our heightmap approach we used measurements of
solar current associated with time and GPS coordinates to construct
heightmaps for two different environments. Then we used these
heightmaps to estimate full solar maps at various times. We qualita-
tively compared the heightmaps with the true environments,and we
performed cross validation to show that our approach could predict
solar measurements that were withheld from the training set. We also
performed the same cross validation with GP regression, andwith a
combination classifier which uses both of the methods as inputs.

We used solar data collected at the McNamara Alumni Center on
June 9, 2012 and solar data collected at Lake Como on September
16, 2012. Both environments are near Minneapolis, MN, USA, and
in both environments the primary shadow-casting objects were trees.
Solar maps were constructed by measuring the short-circuitcurrent
of two 20 watt Solartech Power1 photovoltaic panels connected in
parallel; this quantity is proportional to the amount of power that can
be obtained from the panels.

A. Parameters Used

We selecteddǫ = 2.5m based on the tradeoff between the size of
the trees we encountered and GPS error. We selectedhmax = 30m
at the Alumni Center as an upper limit on the height of most trees
in Minnesota. At Lake Como we usedhmax = 40m to allow for the
fact that the trees on the shore were elevated from the surface of the
lake.

For reconstruction, we used fading parametersα = − log(0.9) =
0.1054, β = − log(0.5)

dǫ
= 0.2773/m. This ensured that, for recon-

struction purposes, a ray would be considered more likely shade than
sun after passing through a single shading square, it it passed through
it at near its greatest width. The regularization parameters γ and ξ

1www.solartechpower.com
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Fig. 4. A comparison of the ground truth simulated heightmapwith the reconstructed estimate generated by the proposed algorithm after 10 days of measurements,
where on each day has 5 random cuts across the solar map are observed. Also shown is the ground truth solar map at 13:32 CDT onthe 11th simulated day.
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Fig. 5. Top row: the simulated measurements received after 2, 4, and 6 days of observation Middle row: the GP estimates of 11th day solar after 2, 4, and 6 days
of observation. Bottom row: the reconstruction estimates of 11th day solar after 2, 4, and 6 days of observation. Each simulated cut across the environment was
performed at a random time of day. This was the same environment as in Figure 4, and the ground truth solar map is the same as in that figure. The GP method
can only make use of information at times of day close to the time we are interested in (13:32), but the reconstruction method uses all measurements. After 6
days the constructed solar map is close to the ground truth, even though the constructed lower heightmap is conservativein placing objects. This demonstrates
that it is unimportant to learn the precise heights, as long as our estimated geometry casts shadows which are similar to those cast by the true environment.

Fig. 6. Histograms of the estimates from GP and reconstruction, after 2, 4, and 6 simulated days. These were generated by estimating the entire simulated solar
map in Figure 4 and examining the distribution of estimated solar likelihoods conditioned on the true label. After 2 daysthe reconstruction method predicts
very little sun, so its shade predictions are not very informative. However, after 6 days, almost all of its predictions are confident and accurate.
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Fig. 7. Receiver Operator Characteristic plots for the two estimation methods, showing the proportion of true sun and shade that are correctly classified after 1
through 10 observation days, across all 200 simulations. These plots show that after three days, on average, the reconstruction method outperforms GP regression
for every threshold.

were set with respect to the neg log likelihood of an unexplained shade
measurement,gu = − log(1− exp(−α)) = − log(0.1) = 2.303. At
the Alumni Center we usedγ = 15gu and ξ = 15gu

hmax
. At Lake

Como we usedγ = 5gu andξ = 5gu
hmax

. We used less regularization
at Lake Como because we were able to restrict the location of shadow
casting objects to occur near the shoreline which could be estimated
well from satellite imagery.

To obtain the classification fading parametersα, β1, andβ2, we
sought to maximize the cross-validation performance on a set that
was held out of the heightmap construction step. We used gradient
descent starting from the reconstruction fading parameters. Generally
the method was overly confident in its predictions, because none of
the held out measurements were very far away from measurements
used in construction.

In general, the heightmap construction method is robust to arange
of parameters. Adjustingα has little effect. Adjustingβ changes
whether a square will be raised for an object that doesn’t block
all rays that pass through the square: whenβ is increased fewer
squares are used to fit any particular shadow casting object.When
regularization is too strict, heightmap construction gracefully degrades
towards shadow carving, with the upper heights shoulderingmore of
the predictive power. The danger comes when regularizationis too
lax, and objects are confidently predicted at incorrect positions.

The GP regression hyperparameters were optimized with gradient
descent, using the full data set (even for cross validation). This is
because the time length parameter1/θt was challenging to observe
when there were only two measurement times.

As a preprocessor step to both reconstruction algorithms, we
combined nearby measurements if they were closer than 0.3 me-
ters from each other and also adjacent in time, as in [1]. This
helped compensate for GPS error, and it helped measurementsto be
more independent from each other, which is an assumption that the
heightmap construction method relies on. In cross validation we used
an additional post-processing step to compensate for GPS error: When
we wished to know the estimated solar likelihood at a position, we
sampled the estimate at 13 nearby positions and used these samples
to construct a solar likelihood conditioned on a GPS error described
by a 2d independent Gaussian withµ = 0, σ2 = 1m2.

The classification fading parameters and GP hyperparameters that
were fit to our test environments are shown in Table II.

B. McNamara Alumni Center

The McNamara Alumni Center is a roughly 80m by 80m field at
the University of Minnesota in Minneapolis that contains within it
a few scattered trees. We mounted photovoltaic panels horizontally
on a Clearpath Husky A2002 and densely sampled the solar field of
the environment on June 9th, 2012. We sampled the environment at
three times of day, starting at 13:42, 16:23, and 18:20 CDT (Central
Daylight Time, which has solar noon close to 13:00). Then we used
our greedy heightmap construction algorithm with all of thedata we
had collected and estimatedHℓ andHu for the McNamara Alumni
Center. See Figure 8 for a comparison of the satellite image of the
environment with the estimated lower heights, and an estimated solar
map for 15:05 using both raytracing and GP regression. Observe that
the two north-south lines of trees in the center of the satellite image
were correctly placed in the heightmap, as were the two straytrees
in between and the stray tree to the east. There were two extratrees
placed in the eastern part; these were shade measurements that could
not be affiliated with any of the real trees so they were inferred to
come from small nearby objects.

C. Lake Como

Lake Como is an urban lake in Como Park in St. Paul, Minnesota,
with a ring of trees around its perimeter. We mounted photovoltaic
panels horizontally on an Oceanscience Q-Boat3 and densely sampled
the solar field of Lake Como’s northeastern edge in the morning of
September 16th, 2012. We sampled at three times of day starting at
08:32, 09:49, and 11:04 CDT. Then we used our greedy heightmap
construction algorithm on all of the data we had collected and we
estimatedHℓ andHu for the part of Lake Como we had observed.
We took advantage of our prior knowledge of the shoreline andmade
the approximation while constructing the lower heightmap that all
shadow-casting objects were within 5m of the shoreline as manually
placed from satellite imagery. See Figure 9 for a comparisonof the
satellite image of the environment with the estimated lowerheights,
and an estimate of the 08:30 solar map using both raytracing and GP
regression. Observe that the correct number of trees were placed at
approximately the correct positions.

2www.clearpathrobotics.com
3www.oceanscience.com
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(b) Solar from 13:42
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(c) Solar from 16:23

x (meters)
160 180 200 220

y 
(m

et
er

s)

-120

-110

-100

-90

-80

-70

-60
Measured Solar Current (amperes)

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(d) Solar from 18:20
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(f) Reconstruction estimate for 15:05
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Fig. 8. The McNamara Alumni Center testing environment, three solar observation training sets, the estimated lower heightmap constructed from these training
sets, and an example solar map estimated from the constructed heightmaps compared with the estimate using GP regression. All times are Central Daylight
Time.
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(b) Solar from 08:32
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(c) Solar from 09:49
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(d) Solar from 11:04
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(f) Reconstruction estimate for 09:30
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(g) GP estimate for 09:30

Fig. 9. The Lake Como testing environment, three solar observation training sets, the estimated lower heightmap constructed from these sets, and an example
solar map estimated from the constructed heightmaps compared with the estimate using GP regression. All times are Central Daylight Time.
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TABLE II. H YPERPARAMETERSFIT TO TEST ENVIRONMENTS

Trial Environment σf σn 1/θs 1/θt µg α β1 β2

McNamara Alumni Center 1.0100 0.0339 4.3619m 0.4537 hours 0.23430.0070/m 0.8460/m 0.3313/m
Lake Como 0.9341 0.2989 8.0595m 0.8144 hours 0.31360.0698/m 0.8903/m 0.5472/m

D. Cross Validation

We desired a quantitative evaluation of our approach so we per-
formed cross validation on each data set in turn, for both environ-
ments. For each cross validation trial we left out a third of the data set,
constructed height maps from the other two sets, and then compared
the predicted labelŝZ with the observed labelsZ∗. We also compared
the projected solar magnitudes in the sun and the shade with the
observed magnitudes.

As in our simulations, we examined the ROC plots using en-
vironment reconstruction and GP regression. We also plotted the
performance of a combination method which simply takes the mean of
the outputs of the two methods. This combination method can be ex-
pected to perform well because its two inputs use completelydifferent
approaches to regularization and therefore can be considered almost
independent, conditioned on the input. See Figures 10 for the plots.
We can conclude from these that our environment reconstruction
method performs better than GP regression on the time-varying solar
field, even when our terrain assumption is violated. This is because it
allows shadows to be intelligently interpolated and extrapolated. We
can also conclude that the combination method performs better than
either of its two inputs.

Finally, in Figure 11 we compare the test insolation magnitudes
with the curves of estimated insolation throughout the day,as pro-
jected from the data set. We found that almost all measurements were
close to either the sun or shade curve. The mean cross validation
magnitude error (distance to whichever class was closest) was 0.0660
amperes at the McNamara Alumni Center and 0.1301 amperes at Lake
Como. The projected solar magnitudes were far more accurateat the
Alumni Center than at Lake Como; this could be because at Lake
Como the sun angle was generally lower. In general this demonstrates
the utility of using a classification step instead of attempting to
estimate the full continuous insolation field.

X. CONCLUSION

In this work we presented a new method to predict the solar
power received by a photovoltaic panel in an uncertain and com-
plex environment. Our method uses only previous measurements
of insolation obtained from the environment. It does not require
a detailed three-dimensional environment model as input orany
sophisticated sensors to build such a model. The method constructs
a probabilistic heightmap of the environment and then performs
raytracing to estimate the probability that any point at anytime will
receive sunlight. We tested the method in simulation and in two
environments, and demonstrated that it qualitatively performs better
than spatiotemporal Gaussian Process regression.

GP regression and heightmap approximation can be considered two
different approaches to enforce structure: the former assumes that
shadow casting objects are large, and the latter assumes that they are
well-approximated by blocks of varying height sitting on the ground.
A natural avenue of future work is examining whether these two forms
of normalization can be used simultaneously, such as by enforcing
smoothness in the heightmap estimates, in an efficient manner.

When constructing the heightmaps, all measurement rays arecon-
sidered independent observations, and therefore equally informative
about the position of objects. However, in reality, measurement rays
from different angles are more jointly informative about the positions
of objects than measurement rays from the same angle. This could
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Fig. 10. Receiver Operator Characteristic plots for the twoestimation
methods, showing the proportion of true sun and shade that are correctly
classified on the withheld third data set. At the Alumni Center and Lake Como,
the reconstruction method outperformed GP regression. At the Alumni Center
we gained little by using the combination method; this tellsus that there were
few test points that GP predicted better than reconstruction. However at Lake
Como GP regression was better than reconstruction at the ends of the ROC
curve, where we are seeking for points that can be estimated with very high
confidence. The combined method allowed generally more of these points to
be found than with either GP regression or by using the heightmaps alone.

potentially be modeled inf by using a covariance function between
different measurement rays so that the cost when a particular square
misclassifies rays from the same angle is lessened.

Other future work includes extending the proposed method to
handle tilted solar panels, weather, and non-constant robot elevation.
It could also be interesting to examine the use of additionalsensors
that fit in the simple robot framework, such as bump sensors, or
inexpensive cameras. Currently we can account for localization error
in classification by sampling a set of nearby points; it couldbe
interesting to see if we gain by accounting for localizationerror at
all stages of the algorithm, in a principled way. Finally, now that
we have addressed the estimation component, it could be useful to
plan exploration paths to the most information about the true object
positions and sizes. In [15], we address a simple version of this
exploration problem, where the task is to find the height ofn objects
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Fig. 11. The measured solar current for our trials plotted against time of
day, with best fit curves estimating the current that can be collected in the
sun and in the shade. There are three curves showing the estimate for leaving
out each of the data sets. At the Alumni Center the three curves agree almost
perfectly, but this is not the case at Lake Como. The average cross validation
error at the Alumni Center was 0.0660 amperes, and at Lake Como it was
0.1301 amperes. For planning purposes, the estimated magnitude is close to
the true magnitude.

using the shortest exploration path, and assuming a constant sun angle.
We present an online exploration algorithm that has anO(log n)
competitive ratio with the optimal offline solution.
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